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even if this condition is not fulfilled, the level assign-
ment can be made provided that the opposite relation-
ship: T, T18<KT1r does not hold. The reason for this
is, that as the population changes are dissipated into the
spin system, they become more and more exhausted;
the largest changes remain at the source, ie., at the
irradiated levels.

The TSI method—when it can be used—does not
depend on the relative magnitudes of the relaxation
times for an unambiguous result, and the intensity
changes obtained are generally larger. The method
requires a line-by-line search, but this feature is not
really detrimental, since in most applications few lines
need to be investigated.’

Experiments on the nuclear Overhauser effect require
equipment for field-frequency stabilization?® in order to
maintain the irradiation field centered on a spectral
line.

TSI experiments are readily performed with conven-
tional field-sweep spectrometers. The frequency differ-
ence between the weak observation field and the strong
irradiation field is offset so as to produce the TSI a
short time (a small fraction of 731) before the observa-
tion of the intensity change, and the amplitude of the
irradiation field may be kept low while sweeping over
the spectrum until the field reaches the vicinity of the
line to be irradiated. When applied in this way, the
irradiation will usually produce a population inversion
by adiabatic fast passage® rather than a population
equalization by transitory saturation, and the intensity
changes will be twice as large as those attainable by
selective saturation.

Transitory selective saturation may be accomplished
with frequency-sweep spectrometers by centering the
irradiation rf field continuocusly on the line to be
saturated, but at low amplitude except for a time T'5*
before recording the intensity change.

With frequency-sweep spectrometers, population
inversion by adiabatic fast passage may be obtained
e.g., by use of the so-called INDOR method,'* provided
that the time taken to sweep over the irradiated line is
indeed short compared to the thermal relaxation times.
If on the other hand the duration of the passage is long
compared to the relaxation times, Overhauser-type
rather than TSI-type population changes will occur.
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HE recent letter by Jepson! with most of the above

title illustrates the lack of communication which
develops between even slightly different fields con-
taining common mathematical (or even physical) prob-
lems disguised by differences in nomenclature, notation,
and applications. Jepson’s analysis, like that of Butler’s?
on which it is based, is not properly tied in with pre-
viously published space-charge work®% (see Table I
for a nonexhaustive listing) ; this has led to some un-
necessary duplication of prior work, to inadequate
problem definition, and to a concomitant lack of
applicability conditions.

The treatments of Table I all assume that only one
set of positive and negative charges is present and that
charges of at least one sign are mobile. Thus, the re-
sults will apply to dielectrics and, somewhat less
generally, to semiconductors. Valences of positive and
negative charges are shown as positive numbers without
distinguishing between the 1,1 and #,# cases. Solutions
given only in terms of quadratures are not defined as of
closed form, but specific calculated potential-distance
curves have usually been presented in these cases.
Finally, items marked “D” are discussed below but hot
carrier effects,’® spherical symmetry,”” and growing
films® are not.

We consider charges mobile which reach essentially
their equilibrium positions during charging at the
temperature of final space-charge measurement. On
this basis, donors, acceptors, and vacancies will fre-
quently be immobile in space-charge experiments.
Although Jepson’s and Butler’s equations are appro-
priate only when charges of both sign are effectively
mobile, mobility is not discussed. Recombination can
give immobile charged centers an effective mobility,
but Jepson assumes full dissociation (zero recombina-
tion). His elliptic integral solution does, in fact, apply
exactly in the case of fully dissociated charges of both
sign mobile but has been suggested previously'® and is
equivalent to Jaffé’s!®" much earlier elliptic function
solution. Although arbitrary charge valences are
formally considered by Butler, discussion and potential-
distance curves are restricted to the 1,1 valence case,
more fully treated in Refs. 10-12. The table shows that
Grahame has found closed solutions in other valence
cases for the single-blocking-electrode situation (where
1,2 and 2,1 are nonequivalent).

All treatments in Table I apply only in the absence
of mobile charge-carrier degeneracy, particularly im-
portant for electrons or holes. Consider, e.g., an elec-
tron-donor situation where #, Np, and N¢ are the
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Taste I. Comparison of some static, one-dimensional space-charge analyses involving plane parallel electrodes.

Positive charge

valence, negative  Closed form for

Number of

charge valence: exact potential- Static Charges of both identical blocking
Ref. No. Zpy Zn distance relation current signs mobile Dissociation plane electrodes
3-7 Equal Yes Yes Full 1
8 Equal Yes; showed two Yes Full 1
forms equivalent

9 Equal No 0 No Arbitrary 1
10, 11 Equal Yes 0 Yes Full 2
12 Equal No 0 No Arbitrary 2
13 Equal No Arbitrary No Full 1,

(partly or com-
pletely blocking)

14 1,2;2,1 Yes Yes Full 1

2 a, No 0 Probably; not Probably full; 2

discussed not discussed
1 Equal Yes 0 D Full 2
. Yes 0 . 2, partly

15 Equal No Arbitrary No D; small blocking

concentrations of conduction-band electrons, immo-
bile donors in the absence of space charge, and conduc-
tion band levels, and E¢, Ep, and Er are conduction
band, donor, and Fermi energy levels, respectively.
Absence of degeneracy anywhere requires #max&N¢
or® exp[(E¢c—Er)min/kT]>1. In the zero-current,
arbitrary dissociation case, it follows from earlier
work?®12.38 that this condition may be written

exp(a1/kT) << (Ne/2Np) [14+ (1+4R)¥]
= (2N¢/Np)? exp[(Ec— Ep) /2kT ],

where the last part holds only for R>>%; R=(2Np/N¢)
exp[(E¢c—Ep)/kT] is a recombination coefficient®’s
which is zero in the limit of full dissociation?; and ¢, is
the potential (referenced to zero potential at a neutral
point) at the position of maximum #. Thus, ¢1=
¥o(>0), the total p.d., in a one-blocking-electrode®
accumulation case, ¥;=0 for the exhaustion case, and'2
0<y1<¥0/2 in the usual two-blocking-electrodes case.
In the slightly dissociated (R>>1) situation with
charges of a single sign mobile, the equations may be
reduced to those of Jaffé!1! for charges of both signs
mobile under some conditions.®!**? Such reduction,
recently carried out by Roberts and Tredgold®® for an
electron-donor situation, led to a zero-current elliptic
function solution differing from those of Jaffé and
Jepson because of the different boundary conditions
used. The conditions given for the validity of the reduc-
tion were incomplete, however, being obtained only for
the neutral region and not guaranteeing non degen-
eracy. The accurate condition is 2 R#tmin/Np>>1 or®®
exp[ Er— Ep)min/kT >3, depending on temperature
and applied potential. This condition and that for non-

degeneracy lead to exp[ (Ec— Ep)/kT >3, necessary
but not sufficient for validity of the reduction. These
conditions are necessary for the applicability of Jepson’s
and Butler’s equations if charges of one sign are im-
mobile and R>0 (as it always is). For the usual
blocking electrodes situation, #ni, occurs at the nega-
tive electrode, where y¥=—yu=y1—¢,<0, and it
follows from earlier work?®!?® that the reduction condi-
tion becomes

exp(efa/kT) L[—3+ (F+R)]
= (ZND/N(J) 3 eXp[(Ec—ED)/ZkT],

where the last part, which should be compared to the
corresponding nondegeneracy condition, holds only for
R>»1. Since Yo>va>¥o/2 and usually Ne>Np, the
present condition is somewhat more restrictive.
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N two recent papers,!2 Anderson and Baldeschwieler
used certain antiunitary operators to demonstrate
symmetry properties of frequency-sweep and field-
sweep nuclear magnetic double-resonance spectra. In
this letter, the properties of these operators are devel-
oped in further detail, and some errors in the previous
papers!+? are corrected. In addition, a simpler and more
general proof of the symmetry theorem given in Ref. 1
is offered.

The properties of antiunitary operators are now dis-
cussed. The operator X,, defined both by Fulton and
Baldeschwieler® and also in Ref. 1, is antiunitary [con-
sult Ref. 1 for definitions and notation, especially Eq.
(14) of Ref. 1]. Because of the antiunitary property,
the product operator A cannot be defined!? simply by
A=T].X;, but must be defined by three equations simi-
lar to Eq. (14) of Ref. 1:

K1 1(1), 1(2), +++, m(1), m(2), -+ )=exp[in Tom.]

XlI(l),I(Z),---,—m(l),—m(2),---), (1)
Ri=—ik, (2)
and

[Ka ZIZ(/L) ]+=[A'y ZI,,(Z) :]+=[Ky ZI,(%)]+=O

(3)

The definition of the operator A as a product of (for
example, an even number) of A’s would destroy the
antiunitary nature of A which is necessary in the the-
orems of Ref. 1. For, suppose A=2X};: then the result
of operating A on the function | m, my) is

KLy, may=Kike | my, ma)=R1 | my, —mg et
= | —m, —my )T immD,

This is not the result which the previcus authors!?
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require, namely, A |, mp)=emmrtm) | —pmy —pp,),
This result is clearly seen if the effect of operating
Ak on a complex number is compared with operating
A on a complex number: Afz(a+85) =a+bix= K (a+bi).
For the same reason, the operator ) cannot be defined
as in Ref. 1, but must be defined by equations parallel
to Egs. (26)~(28) of Ref. 1 and Egs. (1)~(3) above.

Now the generalized proof of symmetry properties
of double-resonance spectra is discussed. The symme-
try theorem of Refs. 1 and 2 states that the frequency-
sweep double-resonance spectrum of the 4 nuclei of a
weakly coupled system consists of symmetrical group-
ings. The number of such symmetrical groupings is
r=(2nlyu+1) (20’ [y’ +1) - <+, where there are # nu-
clei of type M, #’ of type M’, and the 4 spectrum is
observed while the X nucleus is strongly irradiated.
The proof of this theorem has been given in Ref. 1,
but that proof required an arduous examination of
the Hamiltonian (consult the appendices to Ref. 1),
whereas the present proof is based entirely on commu-
tation properties and is more general. A preliminary
theorem is given first.

Theorem 1. If a Hermitian operator 4 anticommutes
with an arbitrary nonsingular linear or antilinear op-
erator P then the eigenvalues of 4 are symmetrically
placed above zero. For, let 4 have a set of eigenfunc-
tions {y:}, with eigenvalues {E;}. Then Ay;=Ey;,
and since 4 anticommutes with P, A Py;= — PAY,;=
—PEy;. Since E; is real, A(Py;)=—E;(Py;). For
every eigenfunction ¢; with eigenvalue E;, there is an
eigenfunction Py; with eigenvalue — E;, and the eigen-
value spectrum is symmetric.

This theorem may be generalized to include normal
operators 4, but then the eigenvalues E; may be com-
plex, and P must be linear. A second theorem yields
the symmetry rule.

Theorem 2. The spectrum of transition frequencies
of a Hermitian operator 3= A B consists of 7 sym-
metrical groupings about the r transition frequencies
of the operator B, if A commutes with B and anticom-
mutes with an arbitrary nonsingular linear or antilinear
operator P which commutes with B. Let {¢;} be the
simultaneous eigenfunctions of 4 and B with eigenval-
ues {EA} and {E.B}, respectively. Then, (B+4)y;=
(EA+EB)Y:. But P(B+A),=(B—A) PYi=(ES—
EA) Py,. For every eigenfunction y; of 3C with eigen-
value E/f+E4, there exists an eigenfunction Py;
with eigenvalue E;f—EA. Therewith the transition
frequencies are given by Aw=EFf—Ef+(EA—-EA)
for the transition ¢;,—¢,;, and by hw=Ef—E5—
(EA—E#) for the transition Py;—Py;. The symmet-
rical groupings consist of more than two lines if the
differences E;®— E;? are degenerate. This theorem may
also be generalized to include normal operators 4 and
B if P is restricted to being linear.

The hypotheses of the symmetry theorem of Ref. 1
are therefore fulfilled if only a suitable operator P can
be found. The operator A is identified with 3¢, [Eq.
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