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Abstract

Consequences of the well-known Poisson—Nernst—Planck (PNP) continuum equations of charge
motion in liquids or solids for ordinary or anomalous diffusion are investigated for an
electrochemical cell with completely blocking electrodes. Previous work is summarized and
much of it is shown to be independent of earlier published results and incomplete, with little
comparison made between ordinary and anomalous diffusion. Such comparison is provided
here and also includes variation of the mobility ratio of the mobilities of positive and negative
charges from equality to charge of only one sign mobile. New generation—-recombination effects
are demonstrated for a range of mobility ratios, with particular attention given to those present
for the case of charge of only one sign mobile. No previous analyses of experimental data with
PNP models using complex-least-squares fitting have been published. Here such a model is
found to fit frequency response data well for a hydrogel and to lead to estimates of physically
meaningful parameters such as the diffusion constant and ionic concentration. PNP analysis of
a synthetic data set derived from experimental results for liquid electrolytes refutes claims made
in the original publication dealing with it, but verifies and extends an interesting analysis
equation proposed there. PNP fitting of data for solids, including ones showing colossal
low-frequency-limiting dielectric constants, suggests that they may often be well described as
arising from simple diffuse-charge double-layer effects, and that continuum microscopic
models such as the PNP, in series with a conducting Debye response model, may be sufficient
for fitting well an appreciable amount of data involving ion hopping and trapping behavior.

1. Introduction

In the present work the frequency response and usefulness
of effective-medium models derived from the microscopic
Poisson—Nernst—Planck continuum equations, with either
conventional (PNP) or anomalous diffusion (PNPA), are
considered, particularly for mobile ions completely or nearly
blocked at non-parent-ion metallic electrodes. A parameter
¥ (0 < ¢ < 1) is unity for the PNP model and less than
one for the PNPA. In these analyses, Poisson’s equation must
be satisfied throughout the ion-containing material. Situations
with ions of both signs equally mobile are first considered. This
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is the two-mobile case, particularly appropriate for liquids. In
addition, results are presented for ions of only one sign mobile:
the one-mobile case, usually most appropriate for solids, a
situation where generation—recombination (GR) of charge may
play an important role.

Although much theoretical work in this area has been
published since 1953 [1-10], only a few calculated full-model
immittance response plots have appeared, for example, those
in [6], which included only complex-plane responses, and
the recent results of [10] which included one-mobile GR
effects. Further, thus far it appears that only a simplified
PNP model has been used for data fitting [8]. More details
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about these and other relevant analyses are included in the
appendix, section A.3. Also pertinent to the present area is the
comprehensive 2004 review paper of Bazant et al on diffuse-
charge dynamics [11].

The full PNP analysis of [4] includes several types of
possible generation—recombination processes, and its results
have been included since about 1993 as a fitting choice in
the LEVM complex-nonlinear-least-squares (CNLS) computer
program [12]', but, until recently [10], other analyses ignored
such effects. Of particular interest is the simplest GR situation
where neutral entities may dissociate into positive and negative
mobile changes with possibly different valences. This situation
with unity valence numbers is that considered in [10], a
treatment that followed the approach described in [4] but
solved the relevant equations independently. Its results and
comparable ones calculated using LEVM from the formulas
of [4] are discussed in section 2.2.

It is particularly significant that although the continuum
PNP model shows dispersion arising from the diffusion of
mobile ions, and thus may be considered a conductive-system
model, in its simplest form it leads to complete blocking
at the electrodes and thus to a low-frequency-limiting value
of zero for the real part of the conductivity [2]. Its close
relation to dielectric-system pure dielectric response of Debye
character is discussed in appendix A.3. Note that the PNP
model is an effective-medium microscopic one that includes no
explicit treatment of such processes as hopping, trapping, and
lattices, common in more detailed theories of charge motion in
condensed materials [13—17]. Thus, it is natural and important
to ask how well it can represent experimental data for a range
of different materials, data that have been fitted in the past by
other more detailed macroscopic and microscopic models.

The value of such continuum models for fitting materials
with and without an additional conductive-system Debye
or Davidson—-Cole [18] response model in series (see
appendix A.2) is illustrated here, while work in progress deals
with such analysis of data for solid polymers, fast-ion solid
conductors, and CKN [16]. The utility of PNP and PNPA
continuum models for fitting and interpreting such data will be
compared with those of traditional fitting models, particularly
hopping ones derived from Kohlrausch stretched-exponential
temporal response [14, 15, 19-24].

Although the individual bulk models usually require three
or four parameters to define them fully, it is generally found
that the goodness-of-fit of experimental data is much improved
by the addition of one or more additional circuit elements,
such as resistors or capacitors in series or parallel with the
bulk model. For example, a series Debye conductive-system
relaxation model, involving a resistance and capacitance in
parallel, will be designated by Deb, while a parallel dielectric
Debye model, involving a resistance and capacitance in series,
will be referred to as DebD.

' The newest WINDOWS version, LEVMW, of the comprehensive LEVM
fitting and inversion program may be downloaded at no cost by accessing http:
/ljrossmacdonald.com. It includes an extensive manual and executable and
full source code. More information about LEVM is provided at this internet
address. All of the Ross Macdonald papers cited herein are available in PDF
format for downloading from this address.

Composite model names apply here for the original
experimental data level but actual fitting will be mostly
carried out for data in specific form. Thus, for example,
a capacitance, C, is designated ¢ (the relative dielectric
permittivity or dielectric constant) after transformation to
specific form. See appendix A.1. Here the - symbol denotes
a series connection and its absence a parallel one. Thus, the
designation GPNP - Deb indicates a constant conductance G
(specific name o’ = op) in parallel with a bulk microscopic
PNP model, and the combination in series with a resistivity-
level Debye model.

Section 2.1 illustrates PNP and PNPA frequency responses
and shows significant differences between them for full-
dissociation situations, while GR behavior [4, 10, 25, 26]
is discussed in section 2.2. Section 3 illustrates fitting of
hydrogel data [27] with various composite models, including
PNP and PNPA bulk ones [4, 25]. Section 4 considers
synthetic data derived from liquid-electrolyte frequency
response measurements [28] and shows how it may be well
analyzed using composite PNP models. Finally, section 5
discusses some possible PNP/PNPA model limitations.

The appendix summarizes provenance and background
information about the various fitting models used here, with
special emphasis on the PNP-PNPA ones. The present PNPA
response model, which includes the PNP and is described in
detail in appendix A.3, has not been previously used for CNLS
fitting of experimental data, even though it is implicitly present
in the 1953 work of [1].

2. Comparison of some PNP and PNPA model
frequency responses

2.1. PNP and PNPA responses with full dissociation

Although many PNP model epsilon-level complex-plane
synthetic data plots have been presented in [6], including
generation—recombination effects and different mobilities and
valences for positive and negative mobile charge situations,
all under completely blocking conditions, detailed PNP and
PNPA real and imaginary frequency immittance responses
have not been shown. Therefore, we show here some PNP
responses and compare them with anomalous diffusion PNPA
ones, and both models, described in appendix A.3, are used for
LEVM fitting and analysis in subsequent sections. These two
models are employed for fitting in the present section, however,
only in simplified form where charges have equal valences,
full dissociation, and with either equal mobilities for positive
and negative charges or only one type mobile [2, 4, 10, 25].
However, the Circuit-H LEVM program, some of whose
results are discussed in section 2.2, involves a general PNPA
model, including partial or complete blocking of charges at the
electrodes, GR, and any ratio of positive and negative charge
mobilities.

Figure 1 shows some dielectric-level PNP and PNPA
complex-plane responses with the figure 1(a) ¢’(0) quantities
normalized to unity for easy comparison of the shapes of the
results. Note that the PNPA model reduces to the PNP one
when ¢ = 1, and that the PNP/PNPA interface response,
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Figure 1. (a) Complex-plane plots comparing Debye response,
ordinary infinite-length Warburg diffusion, and the PNP interface
normalized responses defined in appendix (A.3). (b) The
un-normalized PNP complex-plane interface response is shown along
with PNPA responses for some v < 1 values.

defined in equation (A.11), is appreciably different from that
of ordinary finite-length Warburg diffusion which does not
require satisfaction of the Poisson equation. Further, as
shown in figure 1(b), full anomalous PNPA response can differ
appreciably from that of its PNP limit. Here the nomenclature
‘Interface’ designates the diffusional part of the full bulk
response, where the latter is defined in equation (A.10).

Figures 2 and 3 illustrate the effects of various i values
for ¢(v) and o (v) real and imaginary responses and involve
the parameter values p = /o = 107  cm, o =
8.85419 x 10°°s, M = L/2Lp = 10%, &5, = 10, and
¥ < 1. Here Lp is the Debye screening length. For
figure 2(a) and ¢ = 1, £/(0) = g9 = M ctnh(M)e,, a large
value here. The quantity L is the separation of plane-parallel
electrodes. For two-mobile situations Lp may be expressed
as [syeccks T /{e*(zano + 27 po)}] 172 where kg is Boltzmann’s
constant and e is the magnitude of the electron charge. When
only one of the charge concentrations, ny or pg, is mobile,
only that one appears in Lp [4, 25]. When ny = py, as in
the uni-univalent intrinsic generation—recombination situation
discussed later, then Lp; = ﬁLDz.

In recent years, much attention has been devoted to giant,
colossal low-frequency relative dielectric constants, ones often
even greater than 10° [29-31]. It has led to the conclusion
that such behavior is extrinsic and is associated with interface
and/or electrode polarization, as opposed to intrinsic €.
response. Results for both ceramic and single-crystal materials
have been tentatively ascribed to thin exhaustion layers at
electrodes, ones possibly associated with Schottky diodes
involving electronic conduction.
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Figure 2. Log—log plots of £(v) PNPA response for pe, = 107 € cm,
€00 = 10, and M = 10? with for various v values. (a) Top-down ¥
values are: 0.5, 0.7, 0.8, 0.9, 0.95, and 1. (b) Top-down ¥ values are:
0.5,0.7,0.8,0.9,0.95, 0.99, and 1. Here and elsewhere the frequency
v, = 1 Hz is used for normalization since logarithmic arguments
must be dimensionless.

Alternatively, the formation of PNP ionic diffuse double
layers abutting electrodes may explain some of the colossal
dielectric constants observed so far. When charges of both
signs are mobile, the diffuse double layers at the electrodes
involve charge accumulation layers. It is significant that, in the
absence of GR effects and for conditions where all parameter
values are the same except for the mobility ratio, the PNP &
value for the equal-mobility case is the /2 times that for the
one-mobile situation. In addition, the time constant formed by
the product of the low-frequency resistance and capacitance is
twice as large for the one-mobile case as that of the two-mobile
one.

Further, it is particularly noteworthy that ¢(v) and o (v)
responses very similar to those of figures 2 and 3 appear
in [29-31]. In addition, the remarkable experimental decrease
of &y to &« as the temperature approaches zero [29-31] is
well explained for the one-mobile PNPA model, where Lp; &
[T/no]"/?. When ng, the mobile charge concentration, is
thermally activated and thus decreases faster than does 7', then
Mctnh(M) — 1 as Lp — o0.

Note that for ¢+ = 1 the low-frequency slope of o’(v)
on the log—log plot (called just ‘slope’ hereafter) is two, while
for ¢ < 1 the decrease in ¢’(v) from its o, high-frequency
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Figure 3. Log—log plots of o (v) PNPA response for the same
parameter values as in figure 2 with various ¥ values. (a) Top-down
¥ values are: 0.5, 0.8, 0.9, 0.95, 0.99, 0.9999, and 1. (b) Left-to-right

Y values are: 0.5, 0.7, 0.8, 0.9, and 1. Here and elsewhere

o, =1lscm™!.

plateau value starts with a slope of two but soon approaches
that of the i value. The corresponding £”(v), as shown in
figure 2(b), approaches a low-frequency slope of 1 — i, the
often observed nearly constant loss (NCL) behavior for ¢ near
unity.

There are two types of frequency response not modeled by
the usual equal-mobility PNP model. First, one often observes
an increase from the p’(v) plateau response of py = 1/04
at frequencies below that region of constant low-frequency
response. Although such an increase appears for the PNPA
model but not the PNP one, it is often insufficient in size to
model experimental response in this region adequately. On the
other hand, a very small parallel conductivity, op, leading to
a high zero-frequency resistivity, can lead to such response as
illustrated later, as can GR effects.

Second, at high frequencies, particularly for solid
electrolytes, one often sees a progressive increase in o’(v)
at high frequencies above the o, plateau. This effect has
been usually modeled by the series addition of a Deb, DCO,
or constant-phase SC model. In contrast, low-frequency rises
in p'(v) above a pg plateau may originate from mobility

differences between positive and negative ions and from GR
effects, as briefly discussed in section 2.2.

2.2. PNP and PNPA model responses with
generation—recombination

The general PNP model considered here involves the
generation and recombination of mobile charges from neutral
entities of concentration Ny that may dissociate into positive
and negative charges [1, 2, 4, 25]. A complete-blocking,
two-mobile LEVM fitting program including GR effects and
arbitrary mobilities and valences is based on equation (32)
in [4]. As a check of it, a separate and simpler program
where the mobility of charge of one sign equals zero, involving
equation (40), is also available there and in the earlier [25], and
it is used herein where appropriate. Here, as in the recent GR
response work of [10], unity valence numbers are assumed and
the valence-number ratio, 17, is unity.

The work of [10] started from the basic PNP GR equations
of [1, 4] and, rather than using the results in those works
to generate response curves, the authors derived independent
expressions for the impedance in the completely blocking
case. Because their parameters and notation are substantially
different from those used in [4] and in earlier related work
of the present author [2, 25], it is difficult to verify that their
impedance expressions are identical to those in the earlier
work. Therefore, numerical one-mobile data sets generated
by their program have been fitted, using LEVM, to [4, 25]
expressions to test for agreement, a useful check on the validity
of all these approaches.

Because the analysis and results of [10] deal with
impedance rather than with data in specific form, that will also
be the case here to allow easy comparison of results. Although
an expression for the impedance of a two-mobile material is
derived in [10], unlike that considered here it applies only for
charges of equal mobilities, and a separate analysis is presented
for the one-mobile case. Only for this case are GR immittance
frequency response plots included in [10]. Its impedance-level
results agree with earlier ones [2, 4] in the full-dissociation
case where the general form of the response function is the
same for equal-mobility and one-mobile cases.

In the one-mobile case, the authors of [ 10] demonstrate the
appearance of a ‘new’ (second) plateau at lowest frequencies
in the real part of the impedance. Because the earlier GR work
of [25] was not cited in their work, they were unaware that
there it was shown that not only this low-frequency plateau,
as well as another one associated with electrode reactions
could appear, making a total of three possible plateaus. Also
even in the complete-blocking situation a third plateau may
arise for unequal but not infinite mobility ratios, as discussed
later. Finally, an earlier version of the present work was
shared with Barbero, an author of [10], and he and a co-author
have recently submitted for publication a manuscript dealing
particularly with the one-mobile plateau situation [26] and, as
discussed later, they have thereby independently verified some
of the GR results in the present section.

The dissociable entities considered here may be of
intrinsic, donor, or acceptor character with a bulk density Ny,
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here expressed in cm™> units. Generation and bimolecular

recombination parameters are denoted by k. (units s and &,
(units em® s~1), respectively, and often appear in the quotient
kg = kg/k;. For simplicity, denote the logarithm of this
important quantity, expressed in dimensionless form, as KDL,
a convenient measure of charge dissociation. Here, as in [10],
we set kg to 1 s~!: therefore as k, diminishes, KDL increases
logarithmically towards full dissociation.

Two important dimensionless quantities are Ay = kg/No
and A = kg /no, where, for the usual uni-univalent situation
considered here, np = py = ¢, the common concentration of
dissociated charges of mobilities x,, and p,,. Further, define the
mobility ratio as IT,, = w, /u,, and for the explicit one-mobile
case we set i, = 0. It immediately follows from the results
of [4] that the important dissociation ratio, Dp = n¢y/Ny, may
be expressed as

no/No = An/A = AJ(1+A) = Ay/[(Ay/2)
+ {(An/2)% + AN} (1

For Ay values of 0.001, 0.1, and 10, Dp values are about
0.0311, 0.270, and 0.916, respectively, covering the transition
from small to nearly full dissociation and resulting in an
appreciable increase in M over this range. If we set Ny =
10" cm™ and k, = 1, as in [10], then the above Ay
values correspond to kg ones of 10'%,10'%, and 10" cm™3,
respectively, and thus to KDL values of 13, 15, and 17.

In the original main version of the LEVM general [4]
computer program for impedance, its fitting parameters did
not explicitly include all three kg, k;, and Ny parameters, and
mobilities appeared for one choice only through their presence
in II,, and in Ry, the inverse of the high-frequency limiting
quantity G, here given by Goo = (A/L)(epnno)(1 + M1,
where e is the proton charge. Therefore, the program has
been modified to involve such quantities explicitly for easy
comparison with the results of [10]. One version of the
present Circuit-H PNP model available in LEVM includes
the following parameters: No, M, Ilz, Iy, kg, &, Cw,
Un, L, A, and €. Here A is the electrode area, and C,
the high-frequency limiting capacitance, often designated the
geometrical, primarily dipolar, capacitance, Cg, is defined as
(A/L)eyes, where gy is the permittivity of vacuum. The
parameter & is the ratio of the recombination relaxation time,
7GR, to the Debye one, here denoted as 7p = R Cwo.

When II,;,, = 1, the generation and recombination
parameters play no role, but Ay and & are important quantities
under other conditions. Because of their inter-relations, not
all of the parameters listed above can be simultaneously set
free during CNLS fitting. An example of an inter-relation
following from the present definitions is &/ kg = (e, /evEc)
for the one-mobile situation, a result that leads to the equality
A = 71tgr. Although there are too many parameters to
show all responses here, a few complete-blocking responses
are included below. It is important to mention that because
the complete GR equations are instantiated in the freely
available LEVM Circuit-H model, it is trivially easy to use
it to generate accurate GR transient response and frequency
response and plots at any of the four immittance levels. Even
more important, this model is currently unique in allowing the

full GR model to be fitted by CNLS to experimental data to
estimate model parameter values.

An apparent difference between the approaches of
[7, 10, 26] and those in [4, 25] is that the results in the earlier
work were first expressed in terms of the physically significant
diffusional/interface dispersed part of the response and then
combined with the high-frequency limiting resistance and
capacitance quantities to form the final impedance expression,
while no such separation was made in the later works cited
above. Their impedance equation for the special two-mobile
case with IT,, = 1 agrees with that of earlier more general
work [2], and their one-mobile case is well approximated by a
choice of TI,, > 10%°. Although GR effects are significant in
the two-mobile situation except when Il,, = 1, Derfel et al
[10] and Barbero and Lelidis [26] only presented graphical
results for the one-mobile case with variable GR effects and
did not present general two-mobile response results.

To investigate one-mobile responses and compare with the
results of [10], LEVM was first used to generate synthetic
results for the same input parameters as those employed in [10].
These values were L = 2.5 x 1073 cm, electrode area, A,
of 2 cm?, diffusion coefficient D = 8.2 x 1077 cm? s~ !,
Ny = 10 cm™3, T = 290.11 K, and &, = 6.7. From
the Einstein relation, their corresponding ,, value is 3.28 x
107> cm? V™! s7!. For the present parameter values &/ ky, =
8.8585 x 1072,

Figure 4(a) shows some wide-range frequency response
results for six one-mobile choices and three two-mobile ones
in order to compare with the results of [10] and to show some
PNPA and GR effects not considered therein. The one-mobile
PNP curves with KDL values of 13, 15, and 29 shown here
correspond to comparable ones in [10]. Note that for KDL =
13, however, PNPA results are included for v = 0.99 and
0.90. The low-frequency window is here extended to frequency
values less than generally experimentally available in order
to demonstrate that while two plateaus are possible for one-
mobile situations [ 10, 25, 26], three may appear for two-mobile
ones [4, 25]. The present wide range, and possibly even lower
frequencies, may also be of interest because GR response with
IT,;, > 1 might sometimes be a factor in observed impedance-
spectroscopy long-time temporal hysteresis.

The highest-frequency R’(v) plateau height here is just
that of R, and the one-mobile Ry/R., curve of figure 4(b)
shows that the low-frequency Ry plateau may exceed R, by
a factor greater than 13, and that their ratio approaches unity
in the limit of both zero and full dissociation. Particularly
interesting is the non-monotonic behavior of Ry versus KDL
in the region from 14.5 to 15.5, not evident in the numerical
results presented in [10]. But the valuable later work of [26],
including an explicit expression for Ry, has fully verified the
Ry/ R response curve of figure 4(b), and appreciable further
one-mobile GR results are included in [26] that both confirm
and expand some of the present results. The recombination
quantity k used in [26] corresponds to —(KDL + 6) in the
present work.

Barbero, one of the authors of [10], who has been very
helpful with the present comparisons, kindly sent me several
one-mobile Z (v) full synthetic one-mobile data sets calculated



J. Phys.: Condens. Matter 22 (2010) 495101

J R Macdonald

[}
V

IIITIIIC»
|
|
a,
bz
- /
5

l0g,0(R'/Ry)

[$)]

T|.

§

§

;

|
gt
=

3 L L I L B
-8 -6 -4 2 0 2 4
10g40(V/Vn)
i 6
8
o 12— —> (b)
\O . -
o ] -
(2]
i -4 g
8 — o
i 4
7 5
. E —2 -~
4 —]

I T I T I T O

14 16 18 KDL 20

Figure 4. (a) Log—log plots of wide-range exact PNP and PNPA
responses of R'(v) for various parameter choices demonstrating
generation—recombination and mobility-ratio effects. Here the
normalization quantity R, is 1 £2. The LEVM Circuit-H fitting
program was used to generate data with parameter values equal to
those employed in [10] and discussed in section 2.2. All solid lines
without symbols are one-mobile responses with their
generation—recombination situations identified by a KDL value (see
section 2.2) and all with k, = 1s~'. The KDL = 13 line with solid
dot symbols and that with open triangles involve PNPA ¥ values of
0.99 and 0.9, respectively. For all other responses, ¥ = 1. The
long-dash and dash-dot lines for the KDL = 15 situation are
two-mobile-type responses for I, values of 10? and 107,
respectively. The KDL = 29 short-dash curve shows fully
dissociated one-mobile response. The bottom long-dash line is that
for the two-mobile IT,, = 1 situation. (b) Ry/ R and Ry
dependences on KDL, where R| is the low-frequency-limiting value
of the R’(v) plateau for one-mobile PNP responses and R = 1/G oo
where G, is the high-frequency limiting value of G'(v).

with equation (68) of [10] and involving the one-mobile Debye
length, Lp;, defined in appendix A.3. Note that Lp; =
\/ELDZ, so M, = V2M 1. These data sets were first fitted
using LEVM with the two-mobile [4] model of equation (32)
using a value of IT,, = 10*° or greater, and then with the strict
one-mobile model of equation (8) of [25], the same as that of
equations (24) and (40) of [4]. All such fits for each value
of KDL were identical and led to exceptionally small values
of the relative standard deviations of the fit residuals, Sg, of
the order of 10~ and also to the expected input parameter
estimates with relative standard deviations of the same order,
full verification of agreement of the [10] results with the earlier
response equations.

Although the epsilon-level response shows much less
effect of GR than does the impedance-level one, there are a few

interesting details. First, its complex-plane response is that of a
Debye half-circle for KDL values of 11 or less and for ones of
19 or more. In the region from 14 to 18, the original semicircle
begins to undergo behavior like mitosis: its shape distorts
until a smaller semicircle begins to appear at frequencies lower
than those of the original one. This smaller semicircle is of
maximum size for KDL near 15 and then decreases as KDL
increases. Behavior of this sort is shown in figure 5(a) of [6].
As shown in equation (9) of [25], it results in a low-frequency
increase in g over its higher-frequency plateau value by a
factor that reaches +/2 in the limit of zero dissociation. No
such increase occurs for the two-mobile situation with equal
mobilities.

The one-mobile behavior is quantified by the following
result for egy = &p/ex [4, 25]. First define G, = [2 +
A/ + A)]]/2 and ro = MG ctnh(MG). Then goy =
ro. For full dissociation, A and KDL become infinite and
gy = Mjctnh(M;). In the opposite limit of zero dissociation
and full recombination, A goes to zero and KDL to —00, so
&N = Mpctnh(M,). For M > 3, the ctnh term may be
set to unity. These results show that, for full dissociation in
the one-mobile situation, charge of only one sign is mobile,
but as the dissociation ratio becomes small, generation—
recombination eventually leads to full effective mobilization of
the fixed charges, two-mobile behavior. Although this physical
interpretation is discussed in [4, 25], it is not mentioned in [10]
although its equation (77) is equivalent to the above general
expression for gy when M; > 3. In summary, the work of
[10, 26] have been shown to be consistent with earlier more
general GR analyses, ones incorporated as fitting models in
LEVM.

Finally, it is worth again mentioning that at least in
some situations, PNP model double layers may explain the
appearance of colossal low-frequency dielectric constants. A
substance showing such effects that has been appreciably
studied is CaCu3TigsOp, [29-31]. Lunkenheimer has kindly
sent me frequency response data for this material in single-
crystal form with sputtered gold electrodes [32]. A good fit of
the 140 K data with a composite model including the PNPA
was found and led to v = 0.9 and to M = 754. The
& estimate was about 85 and good agreement was found
between the large PNP ¢y value and Méeo. A small rise
in &’(v) at the low-frequency part of the response, identified
in [29] as a second relaxation, was very well fitted with the
above anomalous diffusion value of ¥ and possibly arises from
electrode roughness, a more likely possibility than that it is
associated with GR effects.

3. Fit results for a hydrogel

Alexe-Tonescu kindly provided room-temperature response
data for a gel of composition 1% ethylene glycol, 1%
hydroxyethylcellulose, and 98% depurated water [27]. This
data set exhibits some mobile-ion conduction, possibly arising
from impurities in the hydroxyethylcellulose component of
the material. Table 1 summarizes fitting results of this data
set for various composite models involving DebD, Deb, PNP,
or PNPA functions. See the appendices A.2 and A.3, for
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Table 1. LEVM CNLS proportional-weighting fits with various composite models at the epsilon immittance level for specific frequency
response data for a gel of composition 1% ethylene glycol, 1% hydroxyethylcellulose, and 98% depurated water (in weight), measured with
silver-plated electrodes. Its cell constant, CC, was 9.479 cm and the electrode separation L was 0.53 mm. The original data contained obvious
systematic errors which were removed. Models are written using impedance-parameter names but all fits are of data in specific form. The
GPNP - Deb designation indicates a conductance G (specific name ¢’ = op) in parallel with a bulk microscopic PNP model, and the
combination in series with a resistivity-level Debye model (Deb). A Debye response model defined at the dielectric level is designated DebD
here. The letter F' indicates a fixed parameter value and C a calculated value using, for example, £y = Mctnh(M )&, for the PNP but not the

PNPA model, and po, = 7n/(evAgp) for the DebD model.

Sk and 1073 peo 10%7p or 10°0p 1073 pp and £s0; and 1070

#, Model PDRMS (82 cm) (10%7p) (s) 107*M (Sem™ 1031 for PNP only

1 PNP 0.171 8.21 8.05 4.07 1F — — 110.7
0.036 — 4.50C

2 CDebD 0.171 8.21C (3.27) — — — — 110.7
0.036 — 4.50

3 GPNP 0.095 9.89 9.65 2.57 1F 2.39 — 110.2
0.037 — 2.84C

4 PNPA 0.091 8.28 7.78 1.09 0.858 — — 106.1
0.039 — —

5 PNP - Deb 0.063 8.29 8.03 8.41 1F — 7.58 109.3
0.046 3.86 9.93C

6 GPNPA 0.055 9.37 8.91 1.27 0907 1.68 — 107.4
0.036 — —

7 PNPA - Deb 0.052 8.22 7.85 8.41 0.892 — 7.58 109.3
0.074 3.86 —

8 GPNPA - Deb 0.037 9.57 9.21 3.82 0995 1.87 1.62 108.7
0.087 1.14 —

9 GPNP - Deb 0.037 9.59 9.23 4.02 1F 1.90 1.66 108.7
0.052 1.14 4.37C

10 GCDebD - Deb  0.037 9.59C (3.72) — — 1.90 1.66 108.7
0.052 1.14 4.37

information on these models and their fitting parameters, and
note that the fully dissociated PNP model used here involves
only three free fitting parameters, so either, but not both, of £,
and 7p are taken free at the same time. Fit results with several
other models were much poorer than those shown in the table.

In the table Sg is a measure of the relative standard
deviation of the fit residuals and PDRMS is the RMS value
of the estimated relative standard deviations of the free fit
parameters. For a good fit, one would expect both quantities
to be of the order of 2% or less. Although the results in
table 1 do not well meet this criterion, figure 5, which shows
results for the row-9 fit in the table, demonstrates rather good
agreement between the data and the GPNP - Deb model, as
well as consistency with the synthetic data plots of figures 2
and 3. Inclusion of the significant G part of the model,
represented by the free parameter op, indicates the presence
of partial rather than complete blocking. It might be associated
with the same ions that lead to pn = 1/0+ and, if so, the
thermal activation energies of these quantities would be equal.

Although the goodness-of-fit measures for the present data
are of the order of four per cent or larger, possibly because of
some remaining systematic errors in the data, on what basis
should we pick an appropriate fitting model? Clearly, if the
goodness-of-fit values for one model were significantly better
than those of any others investigated, it should be considered
first, particularly if it involves fewer free parameters, all of
which were of physical significance.

It is well known, however, that discrimination by external
measurements between conduction and displacement currents
is impossible [16, 33]. The problem is well illustrated by

the results discussed below of rows 1 and 2 and by 9 and
10 in the table, where the fits are equally good but those
of lines 1 and 9 involve bulk resistive relaxation/dispersion
and those of 2 and 10 involve bulk dielectric relaxation. We
nevertheless pick the row-9 ionic conduction results for further
consideration here since the present work deals primarily
with PNP and PNPA relaxation and dispersion. Further, as
discussed above, if the two resistive parameters of the GPNP
model were found to have essentially equal activation energies,
it would be reasonable to identify the bulk relaxation response
of the system as involving resistive rather than dielectric
behavior. Data for the present hydrogel material over a range
of temperatures could answer this question.

Note that the PNP model 7p estimates of table 1 are much
smaller than the tp ones of the series Deb one, indicating that
the Deb model makes its fit contribution primarily in the lower-
frequency range. In fact, its effect is a relatively minor one,
and plots of either the GPNP part of the GPNP - Deb fit or
of a GPNP fit alone both show only small deviations between
the full fit and the data shown in figure 5. Thus, the GPNP
model alone can reasonably well fit experimental € (v) data that
leads to exceptionally high &g = £’(0) values, here associated
with double-layer formation, such as the experimental results
discussed in section 2.1. Curves such as that in figure 5
for o” are often observed with the left peak associated with
electrode polarization effects since such a peak disappears
when only a bulk conductive-system model such as the CK1
is considered [21, 34].

Figure 6 shows complex-plane plots of the data, fits, and
separate fit parts for both the o and the ¢ levels. Such plots,
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Figure 5. Log—log plots of GPNP - Deb fits for the gel data of
table 1, row-9. (a) ¢’(v) and &”(v); (b) ¢’(v) and o”(v).

being of linear—linear form, show differences between data and
fit results better than do log—log ones, such as those of figure 5.
Here low-frequency results are at the right side of figure 6(a)
and show full blocking for the PNP part of the fit but not for
the full data or for the GPNP part. In contrast, for figure 6(b)
high-frequency results are at the right and the vertical lines
show the regions where ¢’(v) = . Clearly, the results of
figure 6(b) show more differences between fit results and data
than do those of figure 6(a).

The poor-fit results shown in the table for rows 1 and
2 are identical and show that for large M values, as here, a
conducting-system PNP data set is undistinguishable from a
dielectric-system CDebD one [16, 33, appendix 3], but we
assume that we are dealing with a relaxing/dispersive material
involving diffusing ions, so only the former is then appropriate.
The fit results for the first 4 rows of the table are all somewhat
unsatisfactory, but we see that including a G conductivity
element in parallel with the main bulk response, and/or
including a series Debye element, all appreciably improve the
fits.

It is interesting to note that the row-3 and row-6 results for
normal and anomalous diffusion lead to M values that differ
by very close to a factor of two. On comparing the results
for the row-6 and row-8 fits, one sees that the latter leads to a
PNPA + value very close to unity, and therefore that the row-9
results are clearly more appropriate. Finally, comparison of the
row-9 and row-10 results again shows that no discrimination
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Figure 6. Complex-plane plots for the gel data fits of table 1, row-9,
showing (a) p and (b) o data and fits and the responses of the
individual parts of the composite fit model.

on the basis of fitting results alone is possible here between the
conducting-system fit of row-9 and the dielectric-system one of
row-10. It also demonstrates that data which might be expected
to be of pure dielectric-system character can be well fitted by
an appropriate conductive-system model [16, 33].

Note that the &, estimates in the table are all of the
order of 109, rather than an expected value for this material
of slightly less than that of pure water. It seems likely that
this discrepancy arises from the effective area of the electrodes
being larger than their measured values, a common occurrence
(e.g., [35]). If we reduce the cell constant used in transforming
to specific data form by a factor of 1.394 at the dielectric level,
the new row-9 results then involve an g, estimate of 78, and
7p, M, and the p,op product all remain the same, as expected.

Equations (A.8) and (A.9) yield estimates of the diffusion
coefficient, D, and the Debye length, Lp, independent of
the cell constant when Il,, = 1 and when estimates of L,
M, and tp are available, not true for the calculation of Lp
from its usual definition because ¢+, and temperature are then
directly involved. For the large-M row-9 results, we obtain
the plausible estimates D ~ 4.7 x 107® cm? s~ and Lp ~
6.6 x 1077 cm. But more analysis and understanding of the
present data can be obtained by using the general PNP/PNPA
fitting program described in section 2.2.

We begin by using the PNP parameter values in row-9 of
table 1 to generate exact complex response data. Its fitting
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for full dissociation with equal mobilities and then also with
one of them very close to zero, the one-mobile case, led to
the M value shown in row-9 (M>) and to /2 times that value
(M), respectively, as expected [25]. Using a fitting choice that
allows Ny, ng, 4y, L, and e, parameters to be estimated and
setting T = 300 K, one obtains for the two-mobile situation
the following estimates: 1.79 x 10'8, 1.79 x 10'8, 1.82 x 1074,
0.053, and 108.7, respectively, with the usual units. Here, since
we are dealing with full dissociation, the first two values are
identical. For the present temperature choice, the p, estimate
leads to a D value of about 4.3 x 107% cm? s~!, perhaps
suggesting that the actual temperature of the measurements
was lower than 300 K, but we will use this value nevertheless.
Fitting the same data with the one-mobile choice led to larger
estimates of all parameters except £. Since the resulting L
estimate was about 0.075 cm, a factor of \/5 larger than the
proper value, it is clear that the two-mobile choice is the proper
one here since it yields a close approximation of the known
input value of L.

Next we carry out a two-mobile fitting of the above
type using the actual experimental hydrogel data. A parallel
resistivity, pp = 1/0}, needs to be included to represent the
GPNP model used in row-3 of table 1. The fit results were
1.82 x 108, 1.82 x 10'8, 1.74 x 107, and 110.2, with L fixed
at 0.053 cm and a o, estimate of 4.18 x 10* €2 cm.

The fit results for the GPNP - Deb situation like that of
row-9 of table 1, were the same as those found there and as
those for the exact PNP data listed above, with L again fixed
at 0.053 cm and a o, estimate of 5.27 x 10* € cm. For this
somewhat noisy data it was not found possible to obtain fit
estimates of Ny, i, and L values with all three simultaneously
free to vary, but with any one of them fixed the others could be
well estimated. Similarly when the mobility ratio was taken to
be an additional free parameter its estimate was 1.000 £ 0.014.

The Ny estimate of 1.79 x 10'® cm™ is not unreasonable
for a po value of about 10* € cm, but it cannot be
independently estimated because the type of mobile ions
present in the gel was not identified. The relatively small value
of the low-frequency resistivity suggests that full dissociation
of impurities might be the ion source. Finally, it seems likely
that for good fits, the use of the present fitting model to estimate
the mobile-ion density, ng, from o or Lp values might
often be more appropriate than estimating it from the Nernst—
Einstein equation using an uncertain value of the hopping
rate [36].

4. PNP analyses of synthetic data sets

Some recent results of Serghei et al analyzing liquid-
electrolyte data [28] led to the interesting and potentially useful
equation

50 = 2meves (VG /Vm), )

where v, is the frequency at the left peak of a ¢’ curve such
as that in figure 5 and vy is the frequency of the minimum at
the right that follows this peak. Further, oy is defined in [28]
as the dc conductivity at the interface and thus corresponds not
to any non-zero dc a4, = ¢’(0) conductivity but to the plateau
value defined here as 0. Although not mentioned in [28], it

is possible to simplify equation (2) by using equation (A.4),
yielding the more transparent result

{T/TD) = (Om/®}), 3)

where the normalized mean relaxation time of the model,
(t/tp), 1is just ypc for the Davidson—Cole response
model [18, 37].

The PNP model intrinsically includes interface effects,
as discussed in sections 2 and 3 and in appendix A.3, and
thus it does not require an additional capacitance in series
to ensure complete blocking at the electrodes. In contrast,
the work of [28] employed a composite model made up of
a conductive-system bulk one (not the PNP) and a series
electrode-polarization model of identical form. For such a
partial-blocking approach, equation (2) only applies when both
parts are present, since for the bulk one alone the " response
shows no minimum and peak [34]. In [28] the relationship

7 (interface) /7 (bulk) = oy(bulk) /oy (interface) > 1, (4)

was used with an actual value of this ratio of 1.3 x 108, and
this relation was stated to have a solid physical justification.
It is, in fact, inapplicable for complete-blocking situations;
neither the = sign nor this particular value are general; and
all four parameters are best determined for an experimental
partly blocking data set by CNLS fitting with an appropriate
composite model.

To further explore this matter, first let us use a GPNP - Deb
model to generate synthetic data like that of row-9 of table 1,
with oo = 1074 Scem™'; g0 = 100; 7p = 8.85419 x 1078 s;
op = 1.89873 x 107> Scm ™!, the G parameter; M = 4.0 x
10%; and the Deb values listed in row-9. Accurate estimates of
vm and vy are ensured by the use of numerous closely spaced
data points. We find that the actual plateau value, ogp, is about
1.19 x 107* Scm™!, not equal to o, and equation (2) yields
oo = 1.76 x 107* S cm™!, nearly 50% larger even than ogp.
When just the GPNP model is employed, however, the actual
plateau value is the same as opp and equation (2) yields just
1074, the correct o value of the PNP model but not the actual
plateau value of the GPNP one. Finally, for just the PNP model,
the absence of the G parameter, which only affects ¢’-level but
not o”-level data, leads to both the original plateau value equal
to the model o, and to its proper estimate using equation (2).
Since the gel modeled by PNP is 98% water, we expect that it
is sufficiently liquid-like that equation (2) might well apply,
as it does. In fact, although only data for ionic liquids are
analyzed in [28], it does not explicitly restrict equation (2)
to liquids, and I have found that equations (2) and (3) apply
for all materials investigated so far whose data extend to low
enough frequencies to include the characteristic vy, peak and
Vo minimum.

In order to test equations (2) and (3) using CNLS fitting for
a representative ionic-liquid data set with other models, such
as the PNP, I requested that the authors of [28] send me one of
the data sets employed in that work. When no response was
received, I constructed an exact synthetic data set somewhat
similar to both the present gel data and to one of those in [28].
Its parameter values are listed in the caption of table 2 and in its
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Table 2. LEVM CNLS proportional-weighting fits of exact specific data generated from a Deb - DCO model at the epsilon immittance level.
The interface Deb parameters are shown in row-1 of the table and the bulk DCO parameter values were ppc = 10° € cm, 7pc = 107 s, and
ypc = 0.7. In the row-2 through row-7 fits shown here when the DC0 parameters were taken free to vary, their relative standard deviations,

and those of op = opp, here 10710 S cm™!

, were always of the order of 10~ or smaller, so they were fixed and are not listed below. Number

of data points: 111 for rows 1-8, 80 for 9 and 10, and 71 for row 11 (maximum frequencies 10, 8 x 10*, and 10* Hz, respectively). C
designates a value calculated from DCO parameters, and C,, from PNP ones.

Sk and (ppc) or (tpc), {top}, M
#, Model PDRMS Poo (2 cm) or tp (S) Mctnh(M) €00 and &g
1 Deb - DCO Exact (10" (10%) — 79.059C

_ — 1.1294 x 10°C
2CDebD-DCOA 1.1x10712 — {7.86 x 10715} F — 98.22

7.0 x 107° or {O}F — 1.1293 x 10°
3GPNP-DCOBl 5.7x107'% 323x10°° 7.86x 107" 41.11 —

1.9 x 1073 41.11 —
4GPNP-DCOB2 57x10710  324x10° — 41.16 —

1.1 x 1073 41.16 2.744 x 10*
5GPNP-DCOCI 3.7x 1071  7.90 7.90 x 1077 0.038 60 1.1283 x 10°C,

5.4 x107* 1.000 50 1.1289 x 10°C,
6GPNP-DCOC2 27x 1070  7.69 7.69 x 107°C, 0.035 84 1.1278 x 10°C,

29 %1074 1.000 43 1.1289 x 10°
7GPNP-DCOD1 1.7 x 1078 1.77 x 10 1.76 x 10~* 0.13363 1.1160 x 10°C,

49 %1073 1.005 98 1.1227 x 10°C,
8 GPNP-DCOD2 1.3 x 1072 7.89 x 104 8.48 x 1077C, 9305 x 10° 1214

1.8 x 1072 9.305 x 10°  1.1292 x 10°
9 GPNP El 28 %1073 9.992 x 10*  6.97 x 1077 1.434 x 10 78.81C,

6.7 x 1074 1.434 x 10*  1.1298 x 10°C,
10 GPNP E2 2.8 %1073 9.992 x 10*  6.97 x 1077C, 1.434 x 10*  78.81

6.4 x 1074 1434 x 10*  1.1298 x 10°C,
11 GPNP E3 4.7 x 107 1.0001 x 10°  7.00 x 107°Cp 1.429 x 10*  79.046

1.6 x 1073 1.429 x 10*  1.1294 x 10°C,

row-1, and its frequency responses for three immittance levels
are presented in figure 7 in order to allow direct comparisons
of the results at these levels. The composite model Deb; - DCOy,
was used in place of a Deb; - Deby, one in order to include the
high-frequency rise in o’(v) shown in figure 7(a) and apparent
in the figure 3(c) plot of [28], but not discussed there. Here the
i and b subscripts indicate interface and bulk quantities. Note
that the fit results of row-9 of table 1 and those of rows 1 or 8
of table 2 fail to satisfy the = requirement of equation (4).

The exact Deb; - DCO,, parameters were used to generate
closely spaced o”(v) data points to allow accurate estimates
of vy and vy: 15.916 and 1901.9 Hz, respectively. The vy,
value is also equal to that of the peak value of the &”(v)
curve of figure 7(b), &y, and the v one is the same as that
of the minimum of the p”(v) curve of figure 7(c). For the
Deb; - DCO0, exact model data of row-1 of table 2, equation (2)
leads to opc = 0.9996 x 10~ Scm™!, and equation (3) to
™C 1.0004 x 107° s, very good approximations to the
corresponding input values and an indication that equation (2),
and (3) apply exactly to appropriate data.

The row-2 results of table 2 show that although a CDebD
composite model, in place of the original Deb part of the
total fitting model, led to nearly a perfect fit, it nevertheless
did not yield either a close estimate of &, or a meaningful
estimate of its Tpp parameter. Rows 3-6 further demonstrate
that with a GPNP interface model in series with a DCO, one can
also obtain excellent fits but essentially meaningless parameter
estimates except that for &,.

10

Results are a little better but still unsatisfactory for row-
7, where the DCO parameters are fixed at their input values.
When they were free to vary, however, as in row-8, there are
seven free parameters; the overall fit is much worse but still
acceptable; and the parameter estimates are closer to proper
values. The estimate of o, was exact and those of ppc, Tpc,
and ypc were 2.12 x 10* € cm, 2.03 x 1077 s, and 0.633,
respectively. When the frequency window was reduced to an
upper limit of about 8 x 10* Hz, the results shown in rows 9
and 10, where no DCO needed to be included in the fit model,
led to an appreciably improved fit and to parameter estimates
very close to expected values. Finally, when the maximum
frequency was limited to 10* Hz, row 11 shows an even far
better fit and very close parameter estimates.

The authors of [28] show in their figure 2(f) some
dependence of their ¢” peak response on the composition
of the metal of the electrodes. Because they found that
their data sets for different metals were consistent with
the present equations (2) they concluded that ‘the current
theoretical approach renders the correct explanation for the
dependence on the material of the electrodes’. This sweeping
statement, along with their claim that their approach provides
a microscopic understanding of the phenomenon, seems
inappropriate because it does not consider the details of
physical processes and conditions involved at the surface of the
metals, such as atomic-scale inhomogeneities, oxide layers, etc
(e.g., [29, 30, 35, 38, 39]).
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Figure 7. Log-log plots of the exact Deb - DCO data of Row-1, table 2 showing (a) o (v), (b) £/(v), and (c) p(v) real and imaginary parts. All
fits in the table are indistinguishable from the data. Here p, = 1 €2 cm.

5. Some possible limitations of PNP/PNPA models

When 0 < ¢ < 1, the PNPA model involves anomalous
diffusion and at constant temperature the capacitance increases
continuously as the frequency decreases in the low-frequency
region until it eventually becomes limited by the largest
effective T present in the relevant distribution of relaxation
times or by steric effects. Although even the PNP model,
involving point charges, seems able to well fit colossal
dielectric constant data, as discussed in section 2.1, there are
certainly steric limitations to the maximum dielectric constant
associated with realistic diffuse double layers involving finite-
size ions. The present continuum model does not include
a finite-ion-size compact Stern inner layer at each electrode,
most appropriate for liquids but still possible for solids.

The steric effects of finite-size ions have been widely
discussed in various ways for many years. Some of the
early work is cited and discussed in [11, 40] but that
in [41-47], carried out in the period 1962-1992, is also
relevant. Further, in [48] the authors cite several studies
dealing with modifications of the Poisson—Boltzmann equation
and propose a simple change in the basic PNP microscopic
equations for ionic transport that at least qualitatively accounts
for steric effects. In important recent work that also
discusses further modified-Poisson—Boltzmann equations [49],

11

simulations of probing the electric double layer at a metallic
electrode/electrolyte interface are reported that seem able to
provide some direct evidence of spatial charge distribution in
the diffuse layer.

The results of recent molecular dynamics and PNP/Stern
simulations [50] suggest that a compact layer might lead to
a series capacitance per square centimeter of electrode area
of the order of 1 wuF, but because the effective area for
supercapacitors is much larger than their geometric area, the
limiting value for such situations could be far larger. So far,
no need has been found, in fitting experimental data using the
present PNP or PNPA models, for the addition of a series inner-
layer capacitance in the fitting model, probably because such
capacitance is much greater than the estimated diffuse double-
layer capacitance following from such models.

In the final section of [25] it is concluded that GR
theoretical predictions have a wide range of applicability
for some physical situations, particularly those involving
electronic conduction.  But it is further suggested that
significant GR effects may be small for most ionic materials. If
we consider the K DL = 16 value of Ry/R~ = 13.3 near the
peak of the present figure 4 (b) curve of this quantity, we see
that at least for the theoretical situation considered there, GR
effects may indeed be significant, and the estimate of the value
of this ratio using its equation (11) approximation of [25] is
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close to the accurate numerical value following from both the
present analysis and that of [26].

Clearly, one needs to find experimental situations where
a significant low-frequency ionic plateau may be identified
as arising from GR effects and quantified by fitting with a
PNP or PNPA model. Good theory should be predictive but
experimental verification is needed for its justification. As the
distinguished physicist Richard Feynman said, ‘Experiment is
the sole judge of scientific truth’. But absence of evidence is
not evidence of absence, and so much remains to be done.
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Appendix. Some data fitting models

A.l. Relevant relations and definitions

Since at least 1973, frequency response fitting models have
been defined either at the dielectric constant (relative permit-
tivity) level or at the impedance (resistivity) level, although the
latter is still often termed dielectric response [14, 18, 21, 37].
As usual, we use Roman letters for the identification of quan-
tities associated with both directly measured data and with the
names of fitting models, and employ Greek letters for spe-
cific quantities. The word ‘immittance’, an intrinsically com-
plex quantity, includes all four response levels: impedance
Z, electric modulus M, admittance Y, and dielectric con-
stant & (or complex capacitance). For a measuring cell in-
volving plane-parallel electrodes of area A and separation L,
define CC = A/L, and Cg CC % ey. Here CC is the
cell constant; Cg is the geometric capacitance of the empty
cell; and if the dimension of CC is cm, that of Cg will be
Farads since the permittivity of vacuum. in Gaussian units is
ey = 8.85419 x 107* Fem ™!,

Note that immittance quantities are related by Y
1/Z and M 1/e. Impedance data represented by Z is
transformed to its specific corresponding complex resistivity
quantity by p(w) = CC % Z(w) = 1/o(w). Therefore, a
resistance R, in ohms may be transformed to specific format
by poo = p'(00) = CC % R.. Further, o(®) = iweye(w)
and M(w) = 1/e(w) = iwCyZ{®w) = iweyp(w). The high-
frequency limiting capacitance of a filled measuring cell is
Co = CC # eyes, = £5,Cg, involving the limiting, primarily
dipolar, relative dielectric constant of the bulk material usually
designated €« OF €peo.

The four immittance levels for data in specific form are
0, M,o, ¢. For dielectric data expressed at the & level
(dielectric response: U = ¢, k = D) or conductive data at the
0 level (conductive response: U = p, k = 0 or 1), a general
relation may be written as

_ U(@) = Up(o0)

) = 500 — o)

/OO (—d¢ (¢)/dt) exp(—iewt) dt,
’ (A.1)
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where Ui(0) — Ui(co) = AU; I (w) is a normalized
frequency response function; [;(0) = 1 and [ (c0) = 0 for
k = D or O but not for k = 1; and ¢(¢) is correlation
function [13, 14, 21, 23, 37]. The I;(®») function usually
involves one or more shape parameters and a characteristic
relaxation time, 7p. For conductive-system response, p(o0)
is usually found to be zero or negligible but for dielectric-
system response €., is the non-zero high-frequency limiting
bulk dielectric constant of the material, mostly dipolar in
character and independent of mobile-ion concentration, at least
at low concentrations.

Perhaps surprisingly, even a purely dielectric system leads
to a non-zero low-frequency-limiting resistivity, one given by

poo = [(Ae)p/{ev(epo)}{T)p,

(A2)

but, of course, to a zero value of o (0) for completely blocking
conditions [51]%>. Here, as usual, the D subscript indicates
dielectric-system response, and (t)p is the mean value of
calculated using the dielectric distribution of relaxation times
(DRT) for the fitting model. Similarly, for a conductive system
the dual relation

ecoo = [(Ap)c/lev(pco)}1(T)e

applies, where ¢ is the high-frequency limiting dielectric
constant of the material. In the usual case where p(c0) is
negligible, it reduces to just

(A3)

gcco = (T)c/levpoco] = oceo(T)c/EV, (A4)

where we use oceo = 1/pco since experimentally o’(0) = 0
for completely blocking situations and for some models such
as the PNP one.

A.2. Some empirical models

A widely used form of I(w) is the Havriliak—-Negami
equation,
Ii(@) = 1/[1 + (iw79)*]",

where k = D or 0 and « and y are positive shape parameters
that are usually 1 or less. When « y = 1, this response
function reduces to Debye relaxation, one involving a single
relaxation time. Alternatively, when y = 1 it represents Cole—
Cole response, and when « 1, Davidson—Cole behavior,
designated as DCO or DCD [18, 37]. Note that for completely
blocking situations only the DCD Davidson—Cole dielectric
response model expressed at the o level involves the physically
correct limiting log-log power-law slope of two for ¢’(w) as
@ — 0, as does its Debye limit, one where (7)p reduces to
70 Tp 1/wp, the peak of &’(w). Further, Cole-Cole
response for conductive data, called the ZC model has been
shown to be a poor fitting model and its frequently used real
part is even less appropriate [52].
For the DCO model with y
equation (A.4) reduces to

(A5)

ypc and p(oco) = 0,

EVE = Ool{T)c = OooTP{T/TP)c = ToaTP¥DC- (A.6)

2 On p 640, next to bottom line, replace pp&pc by LoevED. The word
‘imaginary’ on the third line of p 643 should be replaced by ‘real’.
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Similarly, for the DebD model, equation (A.2) leads to

EVE] = Ooo T (€0 — £00), (A7)
appreciably different from the Deb one of equation (A.6) when
ypc = 1. In addition, a series constant-phase-element, denoted
SC, whose expression at the complex conductivity level is
osc = eyAgsc(im)¥sC, is often found useful with 0 < ygc < 2.

Let us designate the Davidson—Cole conductive-system
model as the DCO. Because its &'(®) high-frequency limit
is zero, when this model is used to fit a given data set
it is necessary to include a free parameter representing &,
in parallel, then designated the CDCO composite model.
Although the original derivations of both the DCD and
DCO models were somewhat empirical, it has been shown
that the DCD [;(®w) model may be derived from fractal
considerations [53], as is also likely for the DCO one [18]. Note
that for either DC model, {r); = ypc;Tpc;, where j = D or 0.

A.3. Continuum diffusion models: PNP and PNPA for full
dissociation

It is most useful to define these composite models as made
up of a normalized interface part involving ordinary or
anomalous diffusion, Zin = Z;i/R«, and parts defining the
non-anomalous high-frequency limiting behavior of a material
containing mobile charges, usually ions, between two plane-
parallel blocking electrodes situated a distance L apart. See
the discussion on [4, p 1616] for justification of this separation.
Here we are primarily concerned with models for charges of
both signs mobile with equal mobilities: the usual two-mobile
assumption.

Although the present models are derived from microscopic
considerations [1, 4, 25] and involve complete blocking at
the electrodes, they do not invoke specific hopping and
trapping processes but only require that mobile charge can
diffuse through the medium, taken as an isotropic continuum.
Although this situation seems most appropriate for liquids, the
PNPA model has also been successfully applied for analyzing
frequency response data for solids of various kinds [54].
The PNP model considers the ions as point-like charges in
thermodynamic equilibrium inside a non-dispersive dielectric
background representing the polar solvent. It is, therefore,
of effective-medium character but neglects possible non-
electrostatic steric interactions that become stronger as the
concentration of ions increases.

The full result is designated the PNPA model, includes
the PNP as a limit, and is defined by the total normalized
impedance Z1N Z1/R~, where Z1 and R, are often
expressed for unit electrode area. For full dissociation the
relevant parameters of the PNPA are R, = 1 /0, C (01 Tp),
M, and v, and for specific data R, and C, are replaced by p
and &£.,. Note that the symbol R, is inappropriate because for
the PNP model without GR R, = R’(0) but not R’(c0), which
is zero. We nevertheless use R, rather than R here because
R+ = 1/G appears in all previous PNP-related work of the
author (e.g., [1, 2, 4]), but o o’(00) is the consistently
named quantity. In the present work, pp may be used, however,
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for non-blocking models where it is defined as py = p’(0) and
p'(00) may or may not be negligible.

Here M = L/2Lp is the number of Debye lengths, Lp, in
half the electrode separation distance. The range of the PNPA
exponent ¥ is 0 < ¥ < 1, with usual PNP response for ¢ = 1
and PNPA anomalous diffusion for v < 1. A characteristic
relaxation time of these models is Tp = RooCoo = &vEeo/T S.
It is thus the conductive-system Debye or Maxwell relaxation
time, 7p, and it may also be expressed as L2D /D, where D is the
diffusion coefficient. This result may be compared to L?/D,
appropriate for bulk diffusion alone [11].

Since eyés 0sTp for PNPA and PNP models,
when the response is thermally activated and ¢, is inversely
proportional to the absolute temperature, 7', it is clear that 7o
and tp can have the same thermal activation energy, as usually
observed. It follows from the above definitions that

D = (L/2M)?/p, (A.8)
and

Lp = (tp/D)'/? = L/2M, (A.9)

quantities that can be calculated directly from fitting parameter
estimates when L is known. In the two-mobile uni-univalent
situation with equal concentrations of positive and negative
mobile charge, the Debye length is conventionally expressed
as [evecokp T/ (2npe*)]/?, where kg is Boltzmann’s constant;
e is the charge of equally mobile positive and negative ions;
and ny is here the mobile charge concentration of the negative
charges, a quantity that may also be calculated from an estimate
of 0. For the one-mobile situation, the 2 in the Debye length
expression is replaced by 1, and it follows that Lp; = +/2Lpp.

Let w7tp, then the normalized total impedance,
Z1N, of the PNPA model, involving the normalized interface
impedance, Zi, is just

Zn = [1+ Zn]/[1 +i82(1 + Zino)], (A.10)

or in un-normalized terms, Zt is the series combination of
R and Z;, all in parallel with C,. In the LEVM computer
program for fitting PNP and PNPA models to specific data
in the absence of GR effects (see the LEVM Manual pp 4-9
and 4-10), a choice between using either tp or & as a free
fitting parameter is included because the latter value leads to
less inter-correlations of the parameters and thus usually to a
slightly better fit. Note that, as physically required, neither
R nor Co, depends on the value of i, and from the Nernst—
Einstein relation o, is proportional to the diffusion constant
D. But since at very high frequencies charge motion is purely
vibratory, this D may be different from that in the bulk at
low frequencies where hopping and trapping processes may
dominate for some materials. Here, however, we use the same
D for the full frequency range of interest.

The completely blocking PNP and PNPA expressions
given here apply, for the two-mobile case without GR effects,
to a material with both positive and negative charges mobile
and with equal mobilities and valences. It has been shown
that they also apply when the appropriate Debye length, Lp, is
used in the one-mobile, completely blocking, fully dissociated
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situation where charge of only a single sign is mobile, possible
for solids [2, 4, 10, 25].

Now define r Mctnh(M), where, as usual M
L/2Lp. Then for the PNP model the ratio of the low-
frequency-limiting capacitance, Cy C’(0), to the high-
frequency value, Co, is just 7. As M — 0, r — 1 (no
space charge) and Cy — C, involving just &+, while as M
increases, r — M. Thus, for M > 4, Cy = eyes(A/2Lp),
where A is the electrode area, and Cy is just M times the
high-frequency limiting capacitance, C,, and thus it is equal
to the usual diffuse double-layer interface capacitances of two
identical electrodes in series.

The PNP charge-transport model was first derived in [1],
but has been both simplified in [2] and given in more general
terms in [3, 4, 25]. Some of its consequences were discussed
and illustrated in [6] for completely blocking electrode
situations. Here we generalize the two equivalent completely
blocking PNP expressions for Zy given in equation (1) of [2]
to the PNPA. Related anomalous diffusion generalization was
done more than two decades ago for ordinary finite-length
Warburg diffusion (no satisfaction of the Poisson equation) [55,
LEVM Manual, p 4-9, equation (2)] and later independently
justified using fractional calculus [56].

The main PNPA interface component, Z;y, may be
expressed as

Zin = p*/lu*{gctnh(q) — 1}], (A.11)

where 52 = iQ = iwtp, u? = s*¥, p> = 1 +u?, and ¢ = Mp.
Its ¢ = 1 PNP expression appears in [2-4]. Note that although
Zix involves anomalous diffusion through u? and p? when
Y < 1, Zx also includes the non-anomalous s> parameter,
and, on combining equations (A.10) and (A.11), is given by

Z1n = Zt/Roo = p/pes = [Mps® + tanh(q)]/Mp’s”.

(A.12)
This result is also equivalent to equation (3) on p 4-10 of the
LEVM Manual, and three fitting expressions for the PNPA Zr
are available in LEVM, using Circuit O with NELEM = 9.
In two of these expressions, s> appears as in equation (A.10)
but for the third it is replaced by the inappropriate anomalous
diffusion choice of u?. Equation (A.12) is fully equivalent to
equation (1) in [2] when ¢ = 1.

In 1983, Coelho [5] used the results of [1] to derive an
expression equivalent to that of (A.12) for ¢ = 1 but expressed
in terms of /e, without apparently being aware of the 1971
result in [2]. Transformation of equation (A.12), using the
relation 7p = gyé&x /0, leads to

e/eco = 1+ [U*/s?]
x [{Mpctnh(Mp) — 1}1/[u*Mpctnh(Mp) + 1], (A.13)

which reduces for ¥ = 1 to Coelho’s expression

e/es = V7 /s> + (tanh(Mv)/Mv)], (A.14)

where v2 = (1 4+ s?). When one then assumes M > |
and makes the approximation that v = 1, the result may be
written as

e/ece > 1+ (M — D/[1 +io(Mzp)], (A.15)
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the ordinary DebD result with Ae = (M — 1)e and tpp =
Mp. The results of Coelho [5] are clarified in the Appendix
of [8].

The useful work of [8], whose authors were apparently
still unaware in 2006 of the relevant work of [2, 4, 6], shows
how the equation (A.15) DebD approximation of the PNP,
applied for one-mobile situations, may be used to obtain
approximate estimates of the mobilities, ion concentrations,
and diffusion constants of their polymer data. More accurate
results might have been obtained using the LEVM fitting
program with such a composite model as the PNP - Deb one.
Another independent attempt to derive a model to characterize
ionic bulk densities and diffusion coefficients in nematic liquid
crystals [57] has been recently shown to lead to inappropriate
results [58].

In 2005, long after the 1953-1988 work on the PNP,
an independent solution of its equations led to an expression
for Zr isomorphic with that in [2] except for different
parameterization [7]. The resulting numerical and graphical
results did not, lead, however, to full agreement with the earlier
work because of the use of non-standard definitions of some
quantities such as the real part of ¢ (®): ¢'(w). Thus, this
work did not show the presence of the high-frequency plateau
appearing in the proper ¢’ function.

A recent publication in 2009 by Lenzi et al used fractional
derivatives to generalize the PNP to produce an anomalous
diffusion model [9] for fully dissociated, no GR, conditions. It
is very similar to, but independent of, the present PNPA model,
equation (A.12), one which was added to LEVM in early 2009
before the Lenzi work was published. Reference [9] does not
refer to the earlier PNP work and considers only some response
at the impedance level. The current PNP/PNPA model, based
on the work of [4] and instantiated in the LEVM fitting
program, applies for any mobility ratio and also includes the
possibility of invoking anomalous diffusion, as demonstrated
in the results of figure 4(a).
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