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models may require many parameters. By using this fitting program , we inves­

tigate various fitting strategies, such as extended least squares, EL S, and general­

ized least squares, GLS (Jobson and Fuller 1980, Davidian and Carroll 1987 , Beal 

and Sheiner 1988 , Giltinan and Ruppert 1989). The program allows simultaneous 

or sequential maximum-likelihood estimation of parameters in both the fitting model 

and in an EVM of quit e general form. When feasibl e, following Tukey's advice , 

we compare these estimates with analytical interval estimates and with our MC 

simulations. 

High heteroscedasticit y and ways to obtain optimum parameter estimates are im­

portant in stati stical anal yses of wide -ranging data , but they have been seldom in­

vestigated. Therefore , major emphases in the present work are: exploration of 

several models ofheteroscedasticity; analysis of their asymptotic properties ; effects 

of transformations of data and fitting model ; new bias-reduction possibilities; and 

extensive Monte-Carlo (MC) simulations against which the theoretical analyses are 

rigorously tested. High-precision Monte-Carlo simulations (typica lly 200 ,000 

samples) also allow us the examine the robustness of parameter estimates for var­

ious transformation and fitting approaches. 

The outline of the paper is as follows. After presenting definitions and models 

in Section 2, we discuss in Section 3 the detail s of the fitting methods used, and our 

MC simulation procedures. In Section 4 we present two data and model transform­

ations relevant to data of very large range : logarithmic and inve rsion (reciprocation). 

Section 5 describes our anal ysis of several heteroscedastic data sets, either drawn 

from experiment or simulated, and described by exponential models. 

2. DEFINITIONS AND MOD ELS 

We first define general notation and models. Principal acronyms and symbol 

definitions are given at the end of the paper. Let Xj be an exact element of the 

independent-variable vector data , x, with i = 1,2 ,.. . ,N, and let the corresponding 

depend ent- variable vector be y , having general element Yt- The fitting model is 

denoted Y(x , 8) .. Y, with representative elem ent Yj. Here 8 is the con verged set 

of fitting parameter estimates who se mth element is 8m. The set of exact-model 

parameter values is 80 , with components 80 m , In = 1,2, ... .P. Since we are not 

concerned with errors ari sing from incorrect choice of fitting model , we have 
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TABLE I 

Definitions of some specific weighting models discussed in Section 2.3. A * 
indicates that this variable is not applicable . 

Line Name U e Zi 

1 UWT fixed * * 
2 DPWT * 1, fixed Yi 

3 DFWT fixed fixed Yi 

4 DGWT arb . arb . Yi 
y .5 FPWT * 1, fixed 1 

y.6 FFWT fixed fixed 1 

7 FGWT arb . arb . Yi 

8 FPLWT arb . Yi* 

the Yi . The weighting schemes are FWT for fixed weighting, GWT for general 

weighting, and PWT for proportional weighting, in which the T, are directly pro­

portional to Yi or to Yi . More generally, PLWT stand s for power-law weighting, 

termed the power-function model by Beal and Sheiner (1988) . In Table I "arb ." in­

dicates that the quantity may be arbitrary and either fixed or free during fitting. 

Since the t:i generated in our simulations, as well as errors in actual data , may 

involve Vi, as in Eq. (2.3) , but do not involve the data Yi (which already contain 

errors) , it is clear that the choice Z; =Yi in Eq. (2.5) leads to an incorrect EYM and 

is thus inappropriate. This choice was , however, used previously (Macdonald, 

Hooper, and Lehnen 1982, Macdonald and Potter 1987), since the DPWT and 

DFWT variance models in Table I, like the UWT model, involve weighting that re­

mains unchanged during iteration, thus simplifying the fitting program. In spite of 

the theoretical inadequacy of the Zi = Yi choice, we shall compare some DPWT 

and FPWT fitting results to quantify their differences and to discover to what deg­

ree they are significant. \ 

The ELS fitting method has seldom been used previously, probably in part be­

cause it cannot be directly implemented by standard statistical software (Giltinan 
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and Ruppert 1989). Until the present work, ELS fitting results have appeared only 

for data of limited range (Beal and Sheiner 1988) without using the geometric-mean 

Eq, (2.5), but omitting U in Eq. (2.8). We find that the combination of Eqs. (2.5) 

and (2.8) greatly improves convergence of the ELS procedure, so we use it in the 

following. Our ELS realization was developed independently of that formulated but 

not implemented by Ruppert and co-workers . 

Another approach, generalized least squares (GLS), a staged, sequential fit­

ting procedure, has been more popular than ELS because it can be implemented 

with standard commercial software and because it has theoretical advantages over 

ELS when errors are not normal and models are mis-specified (Jobson and Fuller 

1980, Davidian and Carroll 1987, Carroll and Ruppert 1988, Giltinan and Ruppert 

1989, Davidian 1990). Some GLS and ELS simulation results are compared in the 

following. Our real~tion of GLS involves first fitting with fixed weighting , then 

fitting by ELS FGWT with only the EVM parameters free, then fitting with fixed 

weighting (including fixed variance parameters). This sequence is repeated until 

fractional changes in the variance parameters are less than 10- 5 , although most 

other implementations of GLS do not continue to such convergence. When the 

EVM parameters are not well-determined, as often happens for small-range, life­

sciences data (Giltinan and Ruppert 1989), such convergence is unwarranted , but 

for physical-sciences data it is warranted because the EVM parameters can usually 

be well determined. Davidian and Carroll (1987) discussed a variety of methods 

for estimating EVM parameters but did not provide numerical comparisons of them. 

The method we use for both ELS and GLS has proved very satisfactory, as judged 

by our present MC-simulation parameter bias estimates (Section 4.1.2). 

When convergence has been attained in a NLLS fit, one may calculate SF, the 

standard deviation of the overall fit to the data. We use the converged values of Yi 

and T; in 

(2.9) 

>.",0. 

Here 

-2/N;­
A '= 'V n r. (2.10) 

when the geometric normalization in Eq. (2.5) is used, and A = I otherwise. In 
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Eq. (2 .9) D is the number of degrees of freedom , just N minus the number of 

free parameters for single-response situations. In Eq. (2.10) the final converged 

values ofall free parameters are used when ;\ of- I. Since the value ofA is then un­

known until convergence, it cannot be used to normalize ti during iteration. But, 

unlike the Beal and Sheiner algorithm , SF need only be calculated at final conver­

gence. Since the choice of'A then cancels out the effects of geometric normalization 

in Eq. (2.5) , SF is independent of ;\, Further, when ar = 0 in Eq. (2 .3) , SF and 

the 0 estimator in Eq. (2.6) differ only by the known factor (N - p)IN, so SF is 

usually an excellent estimator of Or whatever the value of 1;. ~ -',__ 

Although an estimator for Or does not appear explicitly in our form for r. , 
because its value is unknown until final convergence, the quantity U is actually an 

estimate of a.ro, when Or;" O. Thus , when an estimate of Or (such as SF) is 

available , then that of armay be obtained from the U and SF estimat es. . ...... ,- . 

;;~2: 

3. PARAMETER ESTIMATION METHODS 

'''''' ..­
Since the fitting algorithm and its computer implementation are important for 

efficient parameter estimation, we describe in this section the fitting program and 

procedures used. Then we summarize our general approach and notations used for 

the Monte Carlo simulations that we used to validate the regression models intro­

duced in Section 2 and developed in practical transformations in Section 4. 

3.1 Specifics of the Fitting Procedure 

The nonlinear-least-squares minimization procedure we use is based on the 

robust Levenberg-Marquardt NLLS program described by More (1978), but gen­

eralized for variable weighting and to allow complex data (two separate dependent 

variables) . We have used it since 1982 with U = 0 and with I; taken as a fixed in­

put parameter in a complex-nonlinear-Ieast-squares (CNLS) data-fitting program 

named LOMFP that handles complex, real, or imaginary data (Macdonald and 

Potter 1987, Macdonald 1987). In the current version , LEVM, both U and I; may 

be fixed or free to vary during fitting. Like most NLLS programs, the modified 

More procedure uses as input only the components o'f the weighted residual vector
\ 

and the Jacobian matrix, and it ignores second-derivative terms in the Hessian 

matrix. 
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