A note on the random variable transformation theorem
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The random variable transformation formula

ay(») =f dx gy (x)8[y —g(x)], (N
R

expresses the probability density function (PDF) g, (») of
the random variable (RV) Yin terms of the PDF g, (x) of
the RV X when it is known that

Y=g(X). (2)

In this Journal'= some distinct proofs of formula (1)
have been presented and discussed. Here, I would like to
present an alternative and extremely brief Aeuristic proof of
formula (1) for the case when X and Y are univariate (i.e.,
one-dimensional) RVs. It is a very simple proof that
amounts to a direct application of the following well-
known elementary results:

(i) the formulas that link the PDF ¢, (x) ofaRV X toits
cumulative distribution function (CDF) F, (x):

Fx(x):=prob{X<x}=J dx' gy (x'), (3a)

g (x) =2 F (x); (3b)

dx

(ii) the formula that gives the probability fora RV X to
belong to an (admissible) set ACR in terms of its PDF
gx(x):

prob{Xed} =J dx gy (x); (4)
A
and, finally,

(iii) the formula 6(x) = (d /dx)8(x) which links the
Dirac delta function §(x) to the Heaviside step function:

1, x>0,
O(x): =
™:=1o, x<0. (3)
To prove the random variable transformation formula
(1) we introduce the set

B(y): = {xeR|g(x) <y}. (6)
Then for the CDF F, (y) of the RV Y we have

F,(y): = prob{ Y <y} = prob{XeB(y)}

= dx g, (x)

B(y)

=f dx gy (x)0 [y —g(x)], (7
R
so that the PDF of Y reads

qy(») =iFy(y) =f dx qx(x) iB[y—g(x)]
dy R dy

=J dx qy(x)6[y —g(x)].
R

The proof of (1) is complete.

This heuristic derivation of the random variable trans-
formation formula (1) can be easily made mathematically
precise by the imposition of suitable regularity assump-
tions on the functions g(x) and g, (x), and it can be ex-
tended to the multivariate case.
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Correcting parameter bias caused by taking logs of exponential data
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Exponential growth and decay are ubiquitous in physics,
and when teaching techniques of data analysis in experi-
mental physics we show students how the simple device of
taking logarithms can reduce a highly nonlinear problem
to a linear one, from which estimates of the slope (expo-
nent) and intercept (preexponential) can be readily ob-
tained, either graphically or by using a linear least-squares-
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fitting program. Here, we show that this seemingly
innocuous procedure of taking logs usually results in bi-
ased values of fitting parameters but that such biases can
often be simply corrected. This problem is mentioned but
not solved in, for example, Ref. 1.

A moment of reflection will show why the biasing oc-
curs. Consider the example of data that range from 1/M
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