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A B S T R A C T  

An exac t  solut ion is p resen ted  for the  small-s ignal  ac response,  in the  c o n t i n u u m  approximat ion ,  of  an e lec t rochemi-  
cal cell, or half-cell, wi th  unsuppor t ed  e lect rolyte  and comple te ly  b lock ing  electrodes.  The  solut ion inc ludes  the  possibil-  
i ty of  inner  layer capaci tance  effects, arbi t rary mobil i t ies ,  arbi t rary va lence  numbers ,  and any degree  of  charge  disso- 
ciation. It  applies  to l iquid  and solid electrolytes,  fused salts, and even  intr insic  semiconductors .  N u m e r o u s  c o m p l e x  
plane  plots are inc luded  to demons t ra t e  some  of the  m a n y  types  of  response  possible.  The  p resen t  solut ion has also been  
incorpora ted  as a d is t r ibuted  circui t  e l emen t  for use  in equ iva len t  c i rcui t  fitting us ing a newly  i m p r o v e d  c o m p l e x  non- 
l inear  least  squares  fitting program. 

The  comple te ly  b locking  (ideally polarized) e lec t rode  
s i tuat ion is not  u n c o m m o n  in both l iquid  and solid electro- 
chemis t ry  areas. But  in the  former  case, e.g., with  a mer-  
cury electrode,  it has been  usual  to cons ider  only the  dou- 
ble layer capac i tance  in the  l imit  of  low f requenc ies  and to 
a s sume  that  it and the  solut ion res is tance are essent ia l ly  
f r equency  independent .  Such  double  layer work  has re- 
cent ly  been  rev iewed  (1). Comple te  b locking  (no direct  
cur ren t  possible) is also observed  in the  small-signal  re- 
sponse  of  solid e lectrolytes  wi th  nonpa ren t  ion electrodes.  
Fur ther ,  for bo th  l iquids  and solids there  may  be present  a 
th in  insula t ing layer  (the inner  layer of  the  e lec t rochemica l  
double  layer) be tween  the  metal l ic  (or h ighly  conduc t ing  
l iquid) e lec t rode  and the  mater ia l  of  interest .  Such  layers 
m a y  arise uncont ro l lab ly  f rom the  prepara t ion  p rocedure  
or, somet imes ,  may  even  be inc luded  on purpose  to ensure  
comple t e  b locking  of  all mobi le  charge  carriers p resen t  in 
the  mater ia l  (2). Even  in the  absence  of  all such layers, de- 
s ired or not, there  is still present  an effect ive insula t ing 
layer  (in the absence  of a charge  t ransfer  reaction) involv-  
ing charge  separat ion aris ing f rom the  finite size of  mobi le  
ions, a steric effect  which  ensures  that  their  charge  cen- 
t roids cannot  approach  an e lec t rode  closer  than  about  an 
ionic radius. 

The  comple te ly  b locking  p h e n o m e n a  and f r equency  re- 
sponse  cons idered  in the present  work  are those  appro- 
pr iate  for an unsuppor t ed  electrolyte.  They  thus  may  
apply  to l iquid  e lect rolytes  wi thou t  support ,  to fused salts, 
and to mos t  solid-state s i tuat ions (3), even  inc lud ing  intrin- 
sically conduc t ing  semiconductors .  A l though  for solids 
more  small-signal  ac measu remen t s  have  been  m a d e  over  
a cons iderable  range of  f requencies ,  the doma in  of  imped-  
ance  spec t roscopy  (acronym IS) (3), there  has been  less at- 
t en t ion  devo ted  to comple te ly  b locking  than  to part ly con- 
duc t ing  behav ior  (4). Ano the r  impor tan t  d i f ference  is that  
w h e n  charges  of  both  signs are mobile ,  the  only s i tuat ion 
cons ide red  here, the  ratio of  the  mobi l i t ies  of  the  charges  
of  oppos i te  signs, ~m, m a y  be very  large (or ve ry  small) for 
solid e lect rolytes  but  is usual ly  fairly close to uni ty  for liq- 
u id  electrolytes.  Thus whi le  one migh t  find a ratio as big as 
108 or  more  for solids (solid electrolytes,  a l iovalent  s ingle 
crystals,  or  even  glasses, po lymer  films, and amorphous  
materials),  a ratio b igger  than  102 wou ld  be  unusua l  in the  
l iquid  case. In  spi te  of  the  relat ive pauci ty  so far of IS  
m e a s u r e m e n t s  for comple te ly  b locking  situations,  m u c h  
about  the  basic processes  occur r ing  in the  mater ia l  of  in- 
teres t  can be  learned f rom such measurements .  

Here,  some  predic t ions  of  a general,  c o n t i n u u m  micro-  
scopic  theory  of  such  small-signal  ac response  (5) 1 will  be 
p resen ted  to i l lustrate  some of  the  var ied  c o m p l e x  plane  
curve  shapes  possible.  There  are too m a n y  parameters  in- 
vo lved  to al low a fully comprehens ive  s tudy  to be  pre- 
sen ted  in a reasonable  space for even  the  comple te ly  
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should be replaced by "generation." The citation of Eq. [14] in the 
first column ofp. 1627 should be Eq. [4]. The AI, symbols in Table I 
should be AI's. 

b lock ing  response.  For  the  same reason, no detai led fre- 
q u e n c y  response  resul ts  (e.g., th ree -d imens iona l  perspec-  
t ive  plots (6)] are included.  But  these  omiss ions  are not  of  
great  impor tance  here. First,  the  full, exact,  comple te ly  
b lock ing  solut ion is summar ized  in the  appendix .  More 
impor tant ly ,  this solut ion represents  a par t icular  distrib- 
u ted  circui t  e l emen t  (DCE), one which  may  be called the 
Nerns t -P lanck  e lement ,  and is inc luded,  a long with  m a n y  
o ther  useful  DCE ' s  as a part  of  the  author ' s  c o m p l e x  non- 
l inear  least  squares  (CNLS) IS fitt ing program,  L O M F P  
(7, 8). S ince  this program,  which  also inc ludes  a great  
m a n y  dif ferent  equ iva len t  c ircui ts  for fitting, is avai lable 
f rom the  author,  it may  be used,  as the  m e t h o d  of  choice,  in 
analyzing comple te ly  b locking  IS data. When data fitting 
wi th  the  current  vers ion  of  L O M F P  leads to a good fit of 
such  data, it wil l  also p rov ide  direct  es t imates  of e i ther  the  
p resen t  p r imary  set of free parameters ,  or of  the micro-  
scopic  set re la ted to them:  parameters  such  as mobil i t ies ,  
equ i l i b r ium bulk  concentrat ions ,  genera t ion- recombi-  
na t ion  constants ,  and so on (5). 

The  first exac t  theory  for the  p resen t  s i tuat ion appeared  
(9) in 1953. In  m a n y  later papers,  I and m y  col laborators  
have  genera l ized it greatly, cu lmina t ing  in the  resul ts  of  
Ref. (5). There,  the small-signal  ac response  for both  part ly 
and fully b lock ing  e lect rodes  is calculated (but not  de- 
p ic ted  graphically) for intr insic and ext r ins ic  conduc t ion  
si tuations,  for arbi t rary d i ssoc ia t ion- recombina t ion  of  mo- 
bile and i m m o b i l e  centers,  for arbi t rary mobi l i t ies  of  the 
two mobi l e  species present ,  and for arbi t rary va lence  num-  
bers  of  these  species.  S ince  three  and h igher  body  recom- 
binat ions  are not  inc luded  in the  theory,  it is only  applica- 
ble in  the  incomple te  d issocia t ion case for equal  va lence  
numbers ,  bu t  they  need  not  be  equal  for full  d issociat ion 
(5). 

In  a recent  paper  deal ing wi th  po lypheny lene -ox ide  
po lymer  films (10), G la rum and Marshall  der ive  the  small-  
s ignal  ac response  of  a half-cell  conta in ing  fully disso- 
ciated unsuppor t ed  mater ia l  wi th  un i ty  va lence  n u m b e r s  
and invo lv ing  a comple te ly  b lock ing  electrode.  No inner  
layer  effects  were  included.  Thus,  this work  t reated a spe- 
cial case of the  cons iderably  more  general  p rob l em ana- 
lyzed earl ier  by the  present  author,  that  m e n t i o n e d  in the  
p reced ing  paragraph.  In  fact, w h e n  the  formal  resul ts  of  
Ref. (5) are special ized for the  Glarum-Marshal l  s implif ied 
si tuation,  they  involve  the  separat ion out  of  the  geomet r ic  
capac i tance  and bu lk  res is tance of  the  material ,  inc lude  all 
the  rest  of  the response  in an i m p e d a n c e  Zs, and lead to re- 
sponse  equa t ions  as s imple  as those  of  G la rum and Marsh-  
all and fully consis tent  wi th  t h e m  (see Appendix) .  Both  the  
earl ier  analyt ical  work  of the  au thor  (5, 9) and that  of  Gla- 
rum and Marshall  (10) apply  only to s i tuat ions where  the  
mobi le  charge  concen t ra t ion  is spatial ly un i fo rm before  
the  appl ica t ion of  a measu r ing  signal, the  poin t  of  zero 
charge  (pzc) for the  e lect rolyte  situation. S ince  even  for the  
special  in t r ins ic -conduct ion  case, the  comple te ly  b locking  
solut ion of  Ref. (5) is cons iderably  more  genera l  than  that  
of  Ref. (10), it is wor thwhi l e  to exp lore  some  of  the  pre- 
dic t ions  of  the  fo rmer  w o r k  and to m a k e  bet ter  k n o w n  that  
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the  full  solut ion can n o w  be readily inc luded  in an equiva-  
lent  c i rcui t  for easy C N L S  fitting. 

Discussion of Results 
Circuits  and normal iza t ion . - -Consider  an expe r imen ta l  

cell  invo lv ing  two ident ical  plane-paral le l  e lectrodes,  wi th  
the  mater ia l  of  expe r imen ta l  in teres t  be tween  them.  Then  
the  total  impedance ,  ZT, of  the  unsuppor ted ,  comple te ly  
b lock ing  sys tem involves  the  geomet r ic  capaci tance,  Cg, in 
paral lel  wi th  the  series combina t ion  of  the  bu lk  of  solut ion 
resis tance,  Rb, and the  i m p e d a n c e  Z~ def ined in the  Ap- 
pendix .  Finally,  any inner  layer capaci tance,  C~, may  be 
t aken  in series wi th  the  above  parallel  combina t ion .  This  
la t ter  result ,  a l though physical ly  plausible  for the  com- 
p le te ly  b lock ing  situation,  is not  immed ia t e ly  obvious.  The  
Ref. (5) analysis uses Chang-Jaff6  boundary  condi t ions  
and thus  takes  no account  of  an intr insic  inner  layer. But  
w o r k  by Francesche t t i  and Macdona ld  (11) shows how an 
analyt ic  solut ion us ing  these  boundary  condi t ions  m a y  be  
t r ans fo rmed  to one  which  incorpora tes  overpotent ia l -  
d e p e n d e n t  condi t ions ,  such  as those  of  Bu t l e r  and Volmer.  
F rancesche t t i  (12) has appl ied  this t ransformat ion  to the  
p re sen t  si tuation,  thus  account ing  proper ly  f o r  the  pres- 
ence  of  an inner  layer in the  c o n t i n u u m  approximat ion ,  
and h a s t h e r e b y  r igorously  just i f ied the  p resence  of  its ca- 
pac i tance  in series wi th  the  rest  of  the  circuit.  This  capaci- 
t ance  m a y  be  readi ly  inc luded  as an addi t ional  c i rcui t  pa- 
r ame te r  to be  de t e rmined  by C N L S  fitting. Here  we take  C~ 
as the  c o m b i n e d  capac i tance  of  that  of  the  inner  layers of  
each  of  the  two electrodes,  t aken  in series. 

In  a C N L S  fit of  comple te ly  b lock ing  data  there  will  gen- 
eral ly be a m a x i m u m  of e ight  pa ramete rs  involved,  al- 
t h o u g h  not  all of  t h e m  may  be  s imul taneous ly  free. In  ad- 
di t ion to Rb, Cg, and poss ibly  C~, five fur ther  parameters  are 
needed  to define Z, in the  mos t  general  case (5). These  are, 
first, a quan t i ty  direct ly  associa ted wi th  the  diffuse double  
layer  capaci tance,  M, the  n u m b e r  of  Debye  lengths  in a 
half-cell;  ~m, the  ratio of  the  mobi l i ty  of  nega t ive  charges  to 
that  of  posi t ive  ones;  ~ ,  the  ratio of  the  va lence  n u m b e r  for 
nega t ive  charges  to that  for posi t ive  ones;  A, a measu re  of  
charge  dissociat ion;  and ~, the  ratio of  the  r ecombina t ion  
re laxa t ion  t ime  to the  dielectr ic  re laxat ion  t ime,  TD =-- RbCg. 
In  t he  s imples t  case, that  cons idered  by G la rum and 
Marshall ,  the re  are only four  free paramete rs  to be  deter-  
m i n e d  f rom C N L S  fitting: Rb, C~, M, and ~rm. A l though  it  
m i g h t  s eem f rom the  above  that  one can only obta in  an es- 
t imate  of  the  mobi l i ty  ratio, ra ther  than  the  ind iv idual  
mobi l i t ies ,  the  s imul taneous  es t imat ion  of  Rb and Cg, a long 
wi th  M and ~ ,  al lows one to obtain  es t imates  of  the  sepa- 
rate mobi l i t ies  and bu lk  equ i l ib r ium concen t ra t ions  as 
wel l  s ince the  e lec t rode  separa t ion  is t aken  to be  k n o w n  
(5). 

For  conven i ence  in p resen t ing  i l lustrat ive c o m p l e x  
p lane  plots  of  some  of the  comple te ly  b lock ing  behavior ,  
several  normal iza t ions  will  be employed .  First,  all imped-  
ances  and res is tances  will  be normal ized  wi th  Rb and all 
capac i tances  wi th  Cg. Such  normal iza t ion  will  be  deno ted  
wi th  a subscr ip t  "n". Thus, Z~n ~ ZJRb. I t  tu rns  out  that  for 
b lock ing  s i tuat ions l ike those  cons idered  here, as wel l  as 
for die lectr ic  materials ,  it is mos t  ins t ruc t ive  to p resen t  re- 
sponse  curves  at the  c o m p l e x  dielectr ic  or c o m p l e x  ca- 
pac i tance  level  ra ther  than  at the  impedance ,  admi t tance ,  
or c o m p l e x  modu lus  level  (3, 10). S ince  the  c o m p l e x  ca- 
pac i tance  co r respond ing  to an i m p e d a n c e  Z is 1/(i2~,Z), 
the  c o m p l e x  capac i tance  cor respond ing  to the  total  c i rcui t  
impedance ,  ZT, is CT = 1/(i2"~,ZT). AS usual,  " i"  is the  posi- 
t ive  square  root  of  -1 .  Le t  us n o w  in t roduce  the  normal-  
ized angular  f r equency  s ~ 2~TWD. Then  it turns  ou t  that  
Cwn = 1/(i~Zwn). This quan t i ty  is p ropor t iona l  to t he  com- 
p l ex  dielectr ic  constant ,  c o m m o n l y  wr i t ten  as �9 = e' - ie". 
Thus,  it is natura l  to define CT~ as C'Tn -- iC"T=. 

Our normal iza t ion  is still incomple te .  The  low f r equency  
l imi t ing  va lue  of  CT, is CT,0 = C'Tn0 = r ~ (M)ctnh(M), essen- 
t ially equa l  to M for M > 3 and i n d e p e n d e n t  of  generat ion-  
r e combina t i on  effects excep t  for their  inf luence  on the  
va lue  of  M (see later  discussion).  S ince  the  m i n i m u m  va lue  
of  CT is its h igh  f r equency  .l imiting va lue  of  Cg, the  mini-  
m u m  va lue  of  CT~ is unity. In  order  that  c o m p l e x  p lane  

plots of  the  c o m p l e x  capac i tance  may  all be p lo t ted  in the  
reg ion  f rom 0 to 1, we  need  to normal ize  CT, wi th  r; such  
normal iza t ion  will  be  deno ted  wi th  a subscr ip t  "N". Thus  
CTr~ =- CTn/r. The  high f r equency  l imi t ing  va lue  of  the  real  
part  of  this  quan t i ty  is then  1/r and its low f r equency  limit-  
ing va lue  is unity. 

The  above  resul ts  apply  w h e n  the  effects  of  any inner  
layer  are negligible.  S ince  this may  not  always be  the  case, 
let  us in t roduce  fur ther  normal iza t ion  which  will  ensure  
that  the  m a x i m u m  value  of C'TN is still un i ty  for  any va lue  
of  CI, i tself  t aken  f r equency  independen t .  Define CIN 
C~n/r and r e n a m e  CTN in the  absence  of  inner  layer effects  
to CBN; it is this quanti ty,  wi th  "n"  normal izat ion,  which  is 
ca lcula ted  in the  Append ix .  Then,  finally, we m a y  wri te  
CTN = [(1 + CIN)/(CBN + Cm)]CBN. This  is the  express ion  
plot ted  in the  p resen t  graphs.  Clearly it reduces  to CBN for 
CI > >  CB, often the  s i tuat ion of  interest .  Note  that  Cm is 
jus t  the  ratio of the  c o m b i n e d  inner  layer capaci tances  to 
the  low f r equency  l imi t ing va lue  of  the  comple te ly  
b lock ing  (diffuse double  layer) capaci tance.  

Graphical  resutts .--We shall  first show s o m e  possible  
curve  shapes  for the comple te ly  dissocia ted case w i thou t  
inner  layer effects. Unless  o therwise  noted,  C~ will be 
t aken  as infinite hereafter .  F igure  1 indicates  h o w  the  com- 
p lex  plane  CTN shape depends  on =m w h e n  =, = 1. This  is 
the  only s i tuat ion cons idered  by Gla rum and Marshal l  in 
thei r  in teres t ing work,  and the  p resen t  resul ts  are direct ly  
comparab l e  to theirs  and essent ia l ly  the  same. Here  fre- 
q u e n c y  increases  f rom r ight  to left  so the  r ight  bo t tom cor- 
ner  is the  zero- f requency point.  The  sl ight  i r regular i t ies  in 
some  of the curves  here in  are artifacts wh ich  arise f rom 
the  mach ine  plot t ing p rocedure  used. All curves  involve  
about  100 points,  wi th  equal  steps of log (t2), and points  are 
connec t ed  by s t raight  lines. 

The  curves  of  Fig. 1 and o ther  s imilar  resul ts  a l low sev- 
eral  conclus ions  to be drawn. First,  w h e n  the  mobi l i t ies  
are equa l  and thus  ~= = 1, one obtains  a curve  which  is 
usua l ly  exper imen ta l ly  ind is t inguishable  f rom a full semi- 
circle (single-t ime cons tan t  Debye  response).  But  see the  
d iscuss ion  below. The normal ized  response  is ent i re ly  in- 
d e p e n d e n t  of  genera t ion- recombina t ion  condi t ions.  The  
s imple  analyt ical  express ion  for this ~= = 1 response  is in- 
c luded  in the  Append ix .  

As ~ increases  f rom uni ty  towards  M, the  CTN curve  be- 
comes  dis tor ted,  as in Fig. 1, and for ~m > >  M it d ivides  
into two dis t inct  parts,  a h igh  f r equency  semic i rc le  and a 
low f r equency  arc r emin i scen t  of  diffusion effects. This  arc 
is, in fact, associa ted wi th  diffusion processes  ar is ing f rom 
the  very  large di f ference in the  mobil i t ies .  When ~m > >  
M > >  1, the  semicirc le  and the  arc are wel l  separa ted  in fre- 
quency.  For  ~z = 1, it tu rns  out  that  the  m a x i m u m  values  of 
Im(CTN) are 2 -3/2 and about  0.0743, occur r ing  at t2 va lues  of  
2U2/M and (e~=) -~, respect ively .  Incidenta l ly ,  for ~= = 1 bu t  
not  otherwise ,  all the  present  resul ts  wou ld  have  been  ob- 
t a ined  for ~m values  t aken  as the  inverses  of  those  shown,  
jus t  as r equ i red  f rom symmetry .  

When inner  layer effects are negl ig ible  and exac t  Debye  
behav io r  is observed,  the  diffuse double  layer capaci tance,  

0.60 
~V~ :- io 4 .Trz= I 

z 0 ,40 = 

i-- 

e 

0.20 

o o o  
0.2o 0.40 0.60 o.ao ,.00 

Re ( C T #  

Fig. 1. Complex plane plot of CTN for full dissociation and unit val- 
ence number ratio, ITz. Dependence on mobility ratio, ~Tm, for M = 10 4. 
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Complex plane plot of CDLN at high normalized frequencies for 2T m : 1 and "~z = 1, 2, and 4. 

CDL , is f r e q u e n c y  i n d e p e n d e n t .  B u t  t h e  p r e s e n t  "~m = ~ 
= 1 e x a c t  so lu t ion  yie lds  r e s p o n s e  c lose  to b u t  no t  exac t ly  
t he  s a m e  as D e b y e  re sponse .  I t  is t h u s  of  i n t e r e s t  to exam-  
ine  t he  d i f f e rence  a n d  t h e  c o r r e s p o n d i n g  f r e q u e n c y  de- 
p e n d e n c e  of  CDL. I t  t u r n s  ou t  t h a t  t he  c o m p l e x  p l a n e  c u r v e  
s h a p e  of  t he  dev ia t ion ,  CD~, of  t he  p r e s e n t  ~m = 1 cu rve  
f rom an  exac t  D e b y e  c u r v e  w i t h  t he  s a m e  low a n d  h i g h  fre- 
q u e n c y  l imi t ing  va lues  is e ssen t i a l ly  i n d e p e n d e n t  of  M for  
la rge  M. Therefore ,  we shal l  u se  " n "  n o r m a l i z a t i o n  for CDI F. 

F i g u r e  2a p r e s e n t s  b o t h  la rge  a n d  sma l l  M c o m p l e x  
p l a n e  p lo t s  of  CDmn ~ C'D~F~ + iC%m~, def ined  ana ly t ica l ly  
in  t h e  A p p e n d i x .  He re  f r e q u e n c y  i nc r ea se s  c lockwise .  F o r  
la rge  M, t he  dev i a t i on  cu rve  is a pe r f ec t  c i rc le  w i t h  max i -  
m u m  va lues  of  Re(CD~F,), 0.25, occu r r i ng  at  gtM = 1. Corres-  
p o n d i n g l y ,  t he  m a x i m u m  va lues  of  IIm(CDmn)l o c c u r  at  
~ M  = 2 ~/2 - 1 a n d  i ts  inverse ,  2 ~/2 + 1. T he  cu rves  are  no t  en-  
t i re ly  s y m m e t r i c  for sma l l  M, a n d  M n e a r  4 y ie lds  t he  max i -  
m u m  v a l u e  of  Re(CDIF~). S ince  t h e s e  r e su l t s  s h o w  t h a t  t h e  
dev i a t i ons  b e t w e e n  the  exac t  ~ = 1CT c u r v e  a n d  t he  
m a t c h i n g  D e b y e  cu rve  are  a lways  a sma l l  f rac t ion  of  Cg, 
t h e  D e b y e  a p p r o x i m a t i o n  is a d e q u a t e  e x c e p t  for sma l l  M, 
w h e r e  t h e  m a x i m u m  va lue  of  Re(CT) will  on ly  be  s l igh t ly  
l a rger  t h a n  Cg [see, e.g., Fig. 4a]. 

F i g u r e  2 b  s h o w s  s o m e  ~m = 1 c o m p l e x  p l a n e  c u r v e s  for  
CDLN : 1/[iDZ~n(V - 1)] = CtDL N -- iC"DLN. Note  t h a t  h e r e  "N"  
n o r m a l i z a t i o n  invo lves  t he  low f r e q u e n c y  l imi t ing  va lue  of  
CDLn, r -- 1, r a t h e r  t h a n  r. T he  d i f f e rence  is neg l ig ib le  for  
la rge  M b u t  b e c o m e s  i m p o r t a n t  w h e n  M is small .  Curves  
for  d i f f e ren t  va lues  of  M are  no t  i n c l u d e d  b e c a u s e  w i t h  t h e  
p r e s e n t  n o r m a l i z a t i o n  e v e n  M = 0.3 r e su l t s  are ve ry  c lose  
in s h a p e  to t h o s e  for large  M. T he  p r e s e n t  ~ = 1 r e su l t  is a 
typ ica l  f ini te  l e n g t h  d i f fus ion  curve,  i n v o l v i n g  c o n s t a n t  
p h a s e  e l e m e n t  r e s p o n s e  at  h i g h  f r equenc i e s  (3, 4). The  
p o i n t s  m a r k e d  on  the  ~ = 1 a n d  4 cu rves  are  i n c l u d e d  to 
give s o m e  idea  of  f r e q u e n c y  d e p e n d e n c e .  Not ice  t h a t  t he  
CDL N c u r v e  for ~ = 1 does  no t  beg in  to e x h i b i t  a p p r e c i a b l e  
f r e q u e n c y  d e p e n d e n c e  un t i l  D is la rger  t h a n  0.01, o f ten  a 
h i g h e r  f r e q u e n c y  reg ion  t h a n  c o n v e n i e n t  to measu re ,  b u t  
t h e  ~r~ = 4 cu rve  s h o w s  s u c h  d e p a r t u r e  f rom t he  low fre- 
q u e n c y  l im i t i ng  v a l u e  w h e n  ~ is as sma l l  as  10 -3. T h e  ~r~ = 1 
c u r v e  i nvo lves  a p e a k  v a l u e  of  C"DL of  a b o u t  0.35 (r  - 1)Cg, 
m u c h  l a rge r  t h a n  Cg for  large  r a n d  M b u t  on ly  a b o u t  a 
t e n t h  of  Cg for M = 1. F u r t h e r ,  t h e  v a l u e  of  t2 a t  t he  p e a k  is 
a b o u t  1.6 for  M > >  1 b u t  is a b o u t  14 for M = 1 a n d  a b o u t  140 
for  M = 0.3, m u c h  a b o v e  t h e  o rd ina ry  IS  f r e q u e n c y  meas -  
u r e m e n t  r a n g e  for  u sua l  va lues  of  ~D. 

W h a t  is t he  i n t e r p r e t a t i o n  of  t h e s e  ~ = 1 resu l t s?  I t  is 
t h a t  on ly  for  M of  t he  o rde r  of u n i t y  is it l ikely t h a t  CDL c a n  
be  a d e q u a t e l y  d e t e r m i n e d  f rom IS  da ta  for t he  p r e s e n t  
h i g h  e n d  of  t he  gt range.  S ince  we can  wri te ,  in  t e r m s  of  
c o m p l e x  capac i t ances ,  CDLn = (CTn -- 1)/[1 - i ~ ( C w n  - -  1)], i t  

is c lear  t h a t  w h e n  IeTnl is ve ry  nea r ly  uni ty ,  as i t  is for  large  
M w h e n  ~ > 0.01, an  accu ra t e  va lue  of  CDL n c a n n o t  
b e  ca l cu la t ed  f rom e v e n  exce l l en t  da ta  in  th i s  region.  Re- 
wr i t i ng  t he  a b o v e  e q u a t i o n  a s  CTn : 1 + [iD + CDL n 1] 1, one  
sees  t h a t  on ly  w h e n  ICDLn 11 is of  t he  o rde r  of  u n i t y  or 
grea ter ,  as i t  will  b e  for smal l  M in th i s  h i g h  f r e q u e n c y  
range ,  or  for  large  M for ~ < <  0.01, will  CDL n c o n t r i b u t e  ap- 
p r e c i a b l y  to CT~. Of  cou r se  w h e n  CT r e s p o n s e  is no t  c lose  to 
D e b y e  r e sponse ,  CDL will  va ry  a p p r e c i a b l y  w i t h  f r e q u e n c y  
a n d  is of  less  i n t e r e s t  c o m p a r e d  to t he  f r e q u e n c y  i n d e p e n -  
d e n t  p r i m a r y  p a r a m e t e r s  of  t h e  c o m p l e t e l y  b l o c k i n g  so- 
lu t ion .  

F i g u r e  3 shows  t he  effect  of "~z v a r i a t i o n  on  two  of  t h e  
c u r v e s  a p p e a r i n g  in  Fig. 1. W h e n  t he  m o r e  m o b i l e  c h a r g e  
also h a s  t he  l a rges t  va l ence  n u m b e r ,  Fig  3a s h o w s  t h a t  t he  
c u r v e s  aga in  a p p r o a c h  D e b y e  b e h a v i o r  for large ~z. No te  
t he  d e p e n d e n c e  of  t he  cusp  va lue  of  Re(CTN) for Fig. 3b on  
wz. Fo r  ~z = 1 i t  a p p r o a c h e s  1/21~2 for large  M. 

F i g u r e  4a ind ica t e s  h o w  c u r v e  s h a p e  d e p e n d s  on  M for 
t he  ~m = 108 cu rve  of  Fig. 1. No te  t h a t  for  M > >  ~m, D e b y e  
b e h a v i o r  is aga in  a p p r o a c h e d .  The  p r e s e n t  "N"  normal i za -  
t i on  a l lows all t he se  cu rves  to b e  p r e s e n t e d  on  t he  s a m e  
scale.  Had  " n "  n o r m a l i z a t i o n  b e e n  used ,  t he  M = 1 c u r v e  
w o u l d  h a v e  h a d  a Re(Cwn) i n t e r c e p t  of  u n i t y  at  h i g h  fre- 
q u e n c i e s  a n d  a low f r e q u e n c y  i n t e r c e p t  of  on ly  r = ctnh(1) 
= 1.313. F i g u r e  4b shows  t he  effect  of  a ser ies  capac i t ance ,  
CI, on  one  of  the  cu rves  of Fig. 1. Fo r  sma l l  C~N, D e b y e  be- 
h a v i o r  is a p p r o a c h e d  once  more .  B u t  no t e  t h a t  for 
CIN < <  1, t he  h i g h  f r e q u e n c y  l imi t ing  va lue  of  a e ( C w N )  ap- 
p r o a c h e s  1/(1 + r e i N ) .  T h u s  for CIN = 1/r, t h i s  va lue  is 0.5. 

L e t  us  c o n c l u d e  by  c o n s i d e r i n g  par t ia l  d i s soc ia t ion  be- 
havior .  Le t  D d e n o t e  t he  d i s soc ia t ion  ratio,  a q u a n t i t y  
g i v e n  (5) by  1/(1 + A-I). T h u s  D = I(A = ~)  i nd i ca t e s  full  
d i ssoc ia t ion ,  a n d  D = 0.5 for A = 1. Fo r  th i s  va lue  of  A, Fig. 
5a s h o w  h o w  cu rve  s h a p e  d e p e n d s  on  t he  r e l a x a t i o n  t i m e  
ra t io  ~ for  ~m = 108. Note  t h a t  t h r e e  i n d i v i d u a l  arcs  are be- 
g i n n i n g  to a p p e a r  for the  ~ = 106 curve.  F igu re  5b a l te rna-  
t ive ly  k e e p s  ~ f ixed at  100 a n d  i nd i ca t e s  t he  ef fec t  of  vary-  
ing  A. Fo r  smal l  d i s soc ia t ion ,  D e b y e  b e h a v i o r  is aga in  
a p p r o a c h e d .  In  Fig. 6, I h a v e  s h o w n  j u s t  t h e  low f r e q u e n c y  
p a r t  of  t h e  ~ = 10 ~ c u r v e  of  Fig. 5a. T h e  c u r v e s  of  Fig. 6a a n d  
b are  i n c l u d e d  to give t h e  r e a d e r  s o m e  idea  of  h o w  t h e  low 
f r e q u e n c y  arc i t se l f  can  spl i t  in to  two  d i f fus ion- re la ted  
arcs  as t he  d i s soc i a t i on  inc reases  a n d  t h e n  m e l d  b a c k  to a 
s ing le  arc as full  d i s soc ia t ion  is a p p r o a c h e d .  

T h e  cu rves  p r e s e n t e d  so far  give on ly  a ve ry  i n c o m p l e t e  
p i c tu r e  of  all t h e  r e s p o n s e  s h a p e s  poss ib l e  for  t he  com- 
p le te ly  b l o c k i n g  s i tua t ion .  Fu r the r ,  in  t he  real  wor ld ,  t h e  
p a r a m e t e r s  are  n o t  all i n d e p e n d e n t .  The  c u r v e s  of  Fig. 7 
are  i n c l u d e d  to p r o v i d e  s o m e  idea  of  r e s p o n s e  w i t h  inter-  
d e p e n d e n t  pa rame te r s .  Le t  us  a l low t h e  e q u i l i b r i u m  b u l k  
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concen t ra t ion  to vary, so that  D cor responding ly  varies.  
We shall  take  D values  of  1, 0.5, 10 2, 10-3, and 10 -4. For  
D = 1, we  take  M = 300, ~ = 104, ~m = 104, and ~rz = 1. These  
last two  quant i t ies  will  be t aken  i n d e p e n d e n t  of  D, bu t  M is 
p ropor t iona l  to D ~:2 and ~ to D for the  p resen t  si tuation.  
Only  the  M values  are shown on the  graph  bu t  A and [ va ry  
as above  wi th  M and D. The  shapes  ob ta ined  are interest-  
ing, bu t  d i f ferent  ones  wou ld  have  appeared  had the  init ial  
va lue  of  ~, for example ,  been  different.  

S ince  we  cannot  hope  to i l lustrate  even  a fract ion of  the  
poss ib le  behav ior  here, it is useful  that  the  full  so lut ion is 
avai lable  for C N L S  fitting, but  even  such  fitt ing may  no t  
a l low full  d i sc r imina t ion  be tween  the  var ious  special  con- 
di t ions  that  can lead to essent ia l ly  Debye  behavior .  In  such  
l imi t ing  cases, o ther  i n d e p e n d e n t  in format ion  will  usual ly  
be  r equ i r ed  to e lucidate  the  response  fully. For  example ,  if  
CIN << 1 so that  C~ domina tes  the  capaci ta t ive  response,  
the  complex -capac i t ance  plane  response  of  CT will  be a 
D e b y e  curve  ar is ing ju s t  f rom Rb and C~ in series. In  this 
case, the  overal l  r esponse  will  s h o w  litt le d e p e n d e n c e  on 

an appl ied  static potent ia l  s ince C~ should  be  field indepen-  
den t  or near ly  so, whi le  CDL depends  s t rongly  on static po- 
tent ia l  (1, 3, 4, 13). Such  potent ia l  i n d e p e n d e n c e  of  CT was, 
in fact, found  by Gla rum and Marshall  (10) for thei r  meas-  
u r e m e n t s  on a comple te ly  b locking  system. 

I t  should  be  emphas ized  that  the  p resen t  resul ts  only  il- 
lus t ra te  the  comple te ly  b locking  behav ior  of  bu lk  mate-  
rial, par t icular ly  that  p resen t  w h e n  =m is ve ry  dif ferent  
f rom un i ty  and thus  the  full  r esponse  ex t ends  over  a ve ry  
wide  range of  f requencies .  The  present  response  possibili-  
t ies take  no account  of  possible  e lec t rode  roughness  and 
thus  best  apply  for l iqu id  meta l  or, perhaps,  concen t ra ted  
e lec t ro ly te  electrodes.  Bu t  solid meta l  e lec t rodes  always 
exh ib i t  s o m e  surface roughness ,  adding  an in ter face  im- 
pedance  to the  p resen t  Zs response.  S u c h  an i m p e d a n c e  
m a y  also be  signif icant  over  a wide  range  of  f requency,  
poss ib ly  over lapping  the  bu lk  response  range  or even  oc- 
cur r ing  be low it. It  is thus  impor t an t  to under s t and  the  
bu lk  response  so it  can be separa ted  f rom the  in ter face  im- 
pedance  w h e n  one is in teres ted  in s tudy ing  one  or  the  
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other  or bo th  of  these  contr ibut ions .  The  interface imped-  
ance is usual ly  found to exh ib i t  cons tant  phase  angle  
(CPE) response  (3, 4, 14) over  a wide  f r equency  span. Such  
response  appears  in m a n y  small-signal  response  theor ies  
(15) and can arise f rom var ious  qui te  di f ferent  physical  
sources.  Recent ly ,  var ious  different  fractal-related theor ies  
of  such interface  CPE response  have  been  p roposed  (16), 
bu t  cur rent ly  unpub l i shed  work  of Bates  and his collab- 
orators (17) s t rongly suggests  that  a l though the  response  is 
indeed  associa ted wi th  surface roughness ,  it is unre la ted  
to the  fractal  d imens ion  of  the  surface.  A l though  the  com- 
b ina t ion  of  bulk  and in ter face  effects  can lead to more  
compl ica ted  c o m p l e x  plane  curves  than  those  i l lustrated,  I 
shall  not  show any such  resul ts  here. Data poss ibly  arising 
f rom the  combina t ion  of both  effects should  be  plot ted  in 
both  the  i m p e d a n c e  (and poss ibly  log impedance)  and 
c o m p l e x  capaci tance  planes and analyzed us ing  CNLS.  

Al though  the  present  resul ts  were  der ived  for a sys tem 
wi th  two ident ical  e lectrodes,  c o m m o n  for solid materials ,  
they  also apply,  in their  p resent  normal ized  form, to half- 
cell  response,  the  usual  s i tuat ion for l iquid  electrolytes.  In  
the  lat ter  case, actual  i m p e d a n c e  and capaci tance  values  
may  be obta ined  f rom the  normal ized  express ions  of  the  
append ix  by us ing normal iza t ion  values  wh ich  take  ac- 
count  of  the  p resence  of  one rather  than two electrodes.  
Because  of  the  s y m m e t r y  of  the  sys tem wi th  two  ident ical  
e lectrodes,  it may  be cons idered  to consis t  of  two ident ical  
half-cells in series, wi th  the  center  of  the  material ,  the  join-  
ing point  of  the  half-cells, a un ique  poin t  where  bu lk  con- 
centra t ions  retain their  equ i l ib r ium values  and remain  un- 
d i s tu rbed  by  the appl ied ac potential .  

As a l ready ment ioned ,  the  p resen t  graphica l  resul ts  rep- 
resen t  only a small  part  of all the  potent ia l  responses  
wh ich  can arise f rom possible  var ia t ions  in mobi l i ty  and 
va lence  ratios, genera t ion-recombinat ion ,  geomet r ic  ef- 
fectsl inner  layer capaci tance,  and e lec t rode  roughness .  
Never the less ,  they  may  be of  some i m m e d i a t e  d iagnost ic  
value.  When the  sys tem be ing  inves t iga ted  is comple te ly  
blocking,  or though t  to be so, one should first cons ider  the  
response  in the  c o m p l e x  capaci tance  plane  by fo rming  and 
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plot t ing CT = 1/(i27rvZT) ~ Yw/(ir =- C '  T - i V "  T .  The results,  
as funct ions  of  such  externa l  var iables  as t empera tu re  
and/or  e lec t rode  separation,  may  then  be  compared  quali-  
ta t ively  wi th  the  curve  shapes  p resen ted  herein.  I f  s imilar  
shapes  are found,  one  should  then  be able to obta in  semi- 
quant i ta t ive  es t imates  of  such  quant i t ies  as M, ~m, and pos- 
s ibly even  ~r, and the  r ecombina t ion  parameters .  These  es- 
t imates  could then  be  e m p l o y e d  as initial pa rame te r  va lues  
for use  in subsequen t  C N L S  fitting of  the  data. 

It  is wor th  emphas iz ing  that  it is always very  desirable  to 
go beyond  qual i ta t ive  compar i sons  and carry ou t  full  
C N L S  fitt ing of  t he  data. Such  fitt ing is genera l ly  qui te  in- 
sens i t ive  and forgiving to the  initial pa ramete r  guesses  and 
can usual ly  converge  to a good fit even  w h e n  such  guesses  
are orders  of  m a g n i t u d e  f rom their  final conve rged  values.  
Thus,  such  fitt ing is often useful  even  w h e n  no qual i ta t ive  
a g r e e m e n t  can be found be tween  the  complex  capac i tance  
plane  response  of  the  data and any of  the  present  theoret i -  
cal responses .  When a good fit has been  obtained,  one can 
immed ia t e ly  ident i fy  and quant i fy  the  var ious  physico-  
chemica l  processes  cont r ibut ing  to the  overal l  response.  
The  C N L S  program avai lable f rom the  au thor  al lows one 
to fit an equ iva len t  circui t  wh ich  may  conta in  geomet r ic  
capaci tance,  bulk,  resistance,  a specific Nerns t -P lanck  
b lock ing  e lement ,  and possible  e lec t rode  roughness  con- 
t r ibu t ions  to the  overal l  impedance .  In favorable  cases, 
wh ich  usual ly  means  hav ing  reasonably  accura te  data  ex- 
t end ing  over  m a n y  decades  of  f requency,  all these  pro- 
cesses, and the  microscopic  quant i t ies  associa ted wi th  
them,  m a y  be ident i f ied and quant i f ied us ing  C N L S  fitting. 
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APPENDIX 
The expression for Z~n given in Eq. [32] of Ref. (5) for the 

unsupported, completely blocking situation becomes, in 
the absence of extrinsic conduction 

Zsn = ( ~ / i ~ ) [ F f h  F2~2]/[F1 - F2)tlt2 + Fit2 - F2tl] 
[A-1] 

Le t  j = 1, 2. Then  Fi ~-- 0i 2 - 4, ~/j = (Mg~)ctnh(M~j2),  and tj 
= . ,  - 1. Here  ~ ~ i + i~, and the  ~j2 s are the  solut ions of  
- -  r j  , . 

a quadraUc e lgenva lue  equat ion;  see be low for full  defini- 
t ions.  When the  ident i ty  [ (F1 -  F2)tlt2 + F i t 2 -  F2tl] 
[Fl~lt2 - F2tl~2] is subs t i tu ted  into Eq. [A-l], one obtains  Z~n 
in its s imples t  form 

Z ~  = (~/i~)[FIT1 - F2~2]/[Fl~lt2 - F2t~T2] [A-I ']  

N o w  since 

YT~ = ifl  + [1 + Z~,] ~ [A-2] 
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and  

we  obta in  

CTn ~ Yw~/if~ 

CTn = 1 + [i~(1 + Z~)] -1 

S M A L L - S I G N A L  A C  R E S P O N S E  

[A-3] 

appropr ia te  w h e n  inner  layer series capac i tance  effects  are 
negl igible .  Equa t ions  [A-I ']  and [A-3] m a y  be  shown  to be  
fully cons i s ten t  wi th  the  analyt ic  resul ts  of  Ref. (10) w h e n  
~rz = 1 and A and ~ are infinite. 

N o w  Eq. [A-I ']  s implif ies great ly  w h e n  ~m and ~ are both  
un i ty  (5). T h e n  (see below), 012 = $, 022 = i12(1 + f), and 
F1 = 0. The  quan t i ty  "3~ is def ined below. One finds 
Z~ = ~/[il2h], where  here  t~ ~ (M$)ctnh(M$) - 1. It  fol- 
lows that  

[A-4] Cw, = CTnn ~ t~l/[1 + if/7~] 

N o w  since the  low and h igh  f r equency  l imi t ing va lues  of  
CT~ are r --~ (M)ctnh(M) and unity,  respect ively ,  normal ized  
D e b y e  re sponse  wh ich  best  app rox ima te s  the  Eq.  (A-4) re- 
sponse  will  be  of  the  form 

CDy n : 1 + (r - 1)/[1 + i~r] [A-5] 

CDIFn ~ CTlln - CDyn [A-6] 

T h e n  

a m e a s u r e  of  the  depar tu re  of  CTt ln  f rom D e b y e  behavior .  
A l t h o u g h  all the  quant i t ies  necessary  to calculate  Cwn are  

def ined  in Ref. (5), the i r  def ini t ions are g iven  be low for 
comple teness .  Bu t  re la t ions be tween  the  p resen t  parame-  
ters,  such  as Rb and A, and microscop ic  quant i t ies  will  not  
be  repea ted  here. 

Le t  el ~-~ (1 + ~m) -1, e2 ~ (1 + r -1, 61 ~ (1 + ~rz) -I, and 
62 ~ (1 + ~z 1)-1. Define  Xj ~ 6j/ej and take  b ~-~ X1~2, d ~-  
xl + X2, and f~-~ 2b[A + i ~ ] .  T h e n  if  A ~- 4if~+(b + J~ and B 

1 + i~(d + J~, 022 is best  expressed  as (5) 

2279 

and  

022 = (A/4B)[1 + A/[B + (B 2 - A)1J2] 2] [A-7] 

012 = B - 022 [A-8] 
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A B S T R A C T  

The  e l ec t rohydrodynamic  (EHD) m e t h o d  of  measu r ing  the  S c h m i d t  n u m b e r  is c o m p a r e d  careful ly  wi th  the  dc 
m e t h o d  us ing  a ro ta t ing disk electrode.  Fer r icyan ide  and fe r rocyanide  ions in 1M po tass ium chlor ide  are used  for the  com- 
parison.  The  best  a g r e e m e n t  be tween  the  two me thods  occurs  w h e n  the  EHD m e a s u r e m e n t  is done  at a low disk velocity.  

The  m e a s u r e m e n t  of  a molecu la r  di f fus ion coeff ic ient  D 
by  e l ec t rochemica l  t echn iques  is general ly  done  wi th  a ro- 
ta t ing disk e lec t rode  in order  to control  the  convec t ion  of  
the  e lec t ro ly te  and hence  the  mass  t ransfer  of  the  diffusing 
species.  The  dif fus ion coeff icient  ob ta ined  in this way  has 
t he  same  defini t ion as that  ob ta ined  f rom the  spread ing  of  
a dye  or  of  a radio t racer  in a capillary. 

The  equa t ion  l inking the  mass- t ransfer  l imi ted  cur ren t  
of  an e l ec t rochemica l  r edox  react ion to the  angular  veloc-  
i ty of  the  disk has been  der ived  by Lev ich  (1), i m p r o v e d  by 
o thers  (2-4), and r ev iewed  by  several  au thors  (5-7). How-  
ever,  u s ing  this t e c h n i q u e  for measu r ing  the  di f fus ion 
coeff ic ient  requi res  an accura te  k n o w l e d g e  of  the  elec- 
t rode  area A, the  bu lk  concen t ra t ion  C of the  di f fus ing spe- 
cies, the  n u m b e r  n of  e lec t rons  t ransfer red  in the  react ion 

used,  and the  k inemat ic  v iscos i ty  v of  the  electrolyte.  Er- 
rors in measu r ing  these  quant i t ies  can cause  a substant ia l  
er ror  in de te rmin ing  D. 

Trans ien t  me thods  part ial ly o v e r c o m e  this d i sadvantage  
and  measu re  the  S c h m i d t  n u m b e r  Sc  = v/D direct ly  so that  
the  only u n k n o w n  paramete r  is the  k inemat ic  viscosity.  
A m o n g  these  me thods  are the  ac e lec t rochemica l  imped-  
ance  m e t h o d  and the  e l ec t rohydrodynamic  (EHD) 
method .  

With the  ac e lec t rochemica l  i m p e d a n c e  m e t h o d  (8-11), 
the  e lec t rode  potent ia l  is m o d u l a t e d  s inusoidal ly  at con-  
s tant  d isk  speed,  and the  resul t ing  s inusoidal  e lec t rochem-  
ical cur ren t  is measu red  as a func t ion  of  modu la t i on  fre- 
quency .  The  S c h m i d t  n u m b e r  is ob ta ined  f rom the  
f r equency  d e p e n d e n c e  of  the  impedance .  In  order  to ob- 




