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Three empirical equations introduced by Jonscher to represent the imaginary part of the small-
signal frequency response of dielectric materials and termed “universal dielectric response” by
him are generalized in three ways. The equations may be applied in normalized form at the
impedance level as well as at the usual complex dielectric constant level, defining the response of
conducting rather than dielectric materials. They are generalized to include real as well as
imaginary parts where possible. A unified dielectric or conductive distribution-of-activation-
energies (DAE) physical model is proposed whose predictions agree remarkably well with those of
all the Jonscher universal dielectric response equations as well as with many other common
dielectric response equations. The new model, unlike previous small-signal response models,
leads to quantitative predictions for the temperature dependence of the power-law frequency
exponent appearing in the ubiquitous constant-phase-response frequency region of the total

response.

INTRODUCTION

The measurement of the small-signal ac frequency re-
sponse of materials over a wide range of frequencies, i.e.,
impedance spectroscopy (IS), is becoming a valuable analysis
and characterization too} with the advent of automatic data
gathering equipment. Measurements alone are usually not
enough, however. Much more can be learned when measure-
ments are interpreted using appropriate models and equa-
tions. Here I shall discuss a class of empirical equations
which have proved useful for such analysis and relate them
to a plausible physically realistic model. Some time ago
Jonscher independently introduced' the constant-phase-ele-
ment (CPE) small-signal ac response function of Fricke? and
Cole and Cole® and characterized it as “universal dielectric
response” (UDR). At the admittance level, full CPE re-
sponse may be written with two different parametrizations,*
as

Yepe = Aglio)" = A, fiwT. ). (1)

Here w=2mv is the angular frequency; 4, and A4, are fre-
quency-independent parameters; and O<n<1, although
Jonscher has usually required 0 < n < 1.

Jonscher and his co-workers have done a thorough job
of collecting together a large amount of small-signal ac data,
primarily for dielectric materials, and have shown that the
complex dielectric constant, €==¢" — i€”, often exhibits one
or more regions of power-law frequency response, such as
that of Eq. (1). Such conclusions have led Jonscher to pro-
pose two further empirical response Jaws. '>* In terms of the
complex dielectric susceptibility y=(e —€_)/e,;=yx’
— iy ", the three expressions which have come to be includ-
ed under the rubric of UDR are

x"=Kw"!, (2)
' =K {(o/w)" "+ (0/w.)"""], (3)
and
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x" =K (w/w,) "+ (0/w,) "], (4)

where the K,’s are constants which are sometimes taken
equal to one; the exponents fall in the range (0,1); w, is a peak
frequency; and Eq. (2) is an immediate consequence of Eq.
{1). Note that when K| = 1 in Eq. (3)or X, = 1in Eq. (4), one
obtains the too-special results, y ” =1 or y ” = 0.5, respec-
tively, when w = w, or v = w,. Equation (3) is just a direct
combination of two Eq. (2) terms. In the definition of y, €,
and €, are limiting low- and high-frequency values of €.

If one finds that measurements on a specific material
lead to response like that of one of the above equations for a
particular frequency range, it must not be assumed that such
response continues to arbitrarily low or high frequencies.
For example, the distribution of relaxation times function
corresponding to the Eq. (1) response taken over all frequen-
cies is non-normalizable,® and Eqs. {2)—(4) all readily lead to
conductivities surpassing that of copper at sufficiently high
frequencies. A given relaxation process in a real system (and
realistic models of it) will have a smallest and a largest re-
sponse time,'® say 7, and 7_, leading"'"'? to the require-
ment that y ” of a single, not composite, system be propor-
tionaltow forw <72 'and tow ™' forw > 74 ' See, however,
the discussion for a composite system in the next section.
These requirements are automatically satisfied for single-
time-constant simple Debye response but are clearly not sat-
isfied for UDR. Nevertheless, a great deal of small-signal
data exhibit much broader y “{w) curves than that of Debye,
and equations and models which can be used to fit and inter-
pret such broad-spectrum data are needed. Although the
present UDR empirical equations are useful over limited-
frequency ranges, a physically realistic model which could
approximate UDR response in some ranges but which did
not require modifications at frequency extremes would be
preferable. Such a model and some of its predictions are dis-
cussed later in this work.
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EXTENSION TO NEW SYSTEMS

The first generalization we present follows when a sys-
tem duality relation'? is applied to the UDR results. It can be
best demonstrated by initially writing the UDR relations in
standard dimensionless form as follows. Define
U,==U + U} asaparticular immittance function, suchasa
complex dielectric constant, € = ¢’ — ie"=¢€" + i€;, or im-
pedance, Z=Z'+iZ", and let

L=, — U, NUp — U )=+l ], (5)

where U, and U, are the ®—0 and w— oo limits of U .
When i=¢, U, =¢, and when i=2Z, U, =Z. We have
introduced €= — €" here so that U has the same sign for
both i =€ and i = Z. It should be understood that when
several processes are present but the one of interest is con-
centrated in a given, possibly wide, frequency region, the Uy,
and U, limits merely prescribe frequencies where the pro-
cess of interest has led to response much smaller than any
surrounding response from other processes. With the above
normalization, as w—0 I /—1, and as w— o I [—0. There is
a problem, however, with processes such as those that lead to
the CPE since for them Z ' or € approach infinity as @—0,
precluding the use of an U, associated with the process in
question in the normalization. When such response is pres-
ent, we will, when practical, define U, exclusive of such
response, allowing Eq. (5) to still apply. Otherwise, we shall
take I, = U, in such cases as a nontransformed representa-
tion of U;. The problem arises because no physically realiza-
ble mode! leads to CPE response over all frequencies, but it is
still convenient to use the CPE form of Eq. (1) for compari-
sons with other response equations.

Now the duality relation specifies that any small-signal
ac response function normalized as above may be employed
at either the complex dielectric constant level or at the im-
pedance level, no matter at which level it was originally tak-
en to apply. We may therefore rewrite Egs. {2}-{4) in terms of
the general I; function defined in Eq. (5), obtaining

1:’ = "B,oa)_ 'bi, (6)

I'=—B,|(a/0,) RIS (w/w;) —%], (7)
and

It= =By [(a/0,) "™+ (@/0,)*]7 (8)

where the B’s are frequency-independent quantities. These
results now apptly at either the € or Z levels, but the ¥, power-
law exponents and other parameters need not be the same at
the two levels. For convenience let 7, =w 'and 7, =w, .

The possible range of all the general ¥, exponents is
(0,1). For i=¢€, we may take the UDR definitions,
Yo=1—-n tv,=1—n, ¥o=1-n, ¢,=m and
Y. = 1 — n. Equations (6) and (7) yield the same exponents
when they are transformed to the admittance level for both
the / = € and the /=Z choices in frequency regions where a
single term dominates if we further choose ¥, =n,
Yz, = n,, and ¥, = n,. Note especially that a parallel
combination of terms, as in Eq. {7) for / = ¢, translates to a
series combination for the corresponding / = Z system.
These results make the UDR forms, originally applied only
at the e level, available to describe systems at the Z level. One
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should not always expect to find general I /' response propor-
tional to @ as w-—0. Consider a composite system rather than
an ideal single process i = Z or i = € system. A composite
system which includes at the € level a nonconducting dielec-
tric model with an ideal resistor in parallel or at the imped-
ance level a conducting mode! with an ideal capacitor in
series both exhibit @ ™' response for 7 ” in the @—0 limit.

EXTENSION TO COMPLETE COMPLEX FUNCTIONS

Fitting of complex data to a model is best carried out
when not just the imaginary part of a function is used over a
given frequency range but when the full immittance function
of the model is available and is employed in the fit using
complex nonlinear least-squares fitting'* (CNLS). The im-
mediate generalization of Egs. {2) and {6) to the complex
regime is just the usual CPE,* written in the I, form as

I, = Coliw) ™% = (iwr.) ™%, (9)
where the second form is less general than the first. This
result could be termed the first generalized Jonscher equa-
tion, GJ1, but even the i = € form of it predates Jonscher’s

work. The natural extension of Eq. (7) to full immittance
rank is clearly

I, = Cyliw) ™" + Cpliw) ~ 7,
or
I, =B, [(i“""n)_wﬂ"' ("“’7':2)—%}' (10)

In order for the I} of the second form of Eq. {10) to agree
with that of Eg. (7) we must take

Ta =T, [sin{mh, /2)1", (11)
and
To=7, [sin(my,/2)]". (12)

The above choices of 7,, and 7,, mandated by the original
UDR form, preclude ¢, and ), from reaching zero. For
convenient future reference, let us define Eq. (10) with the
above specific 7;, and 7, values as the generalized second
Jonscher equation, the GJ2. It should be pointed out that
since Eqgs. (9) and (10) lead to |/, | — o as w—0, their use over
the full frequency range leads to unacceptable infinite values
of €, and R, The problem can be avoided by applying them
only for frequencies not too close to zero and defining €,
and/or R, independent of the processes which lead to these
equations. The new model discussed later avoids these diffi-
culties since it yields proper » * ' behavior at the frequency
extremes.

The generalization of Eq. (3) represented by the first
form of Eq. (10}, with i = € only, has been proposed recently
by Almond and West,'* although they did not identify their
expression as involving CPE’s. Unfortunately, these authors
elected to write each separate CPE term in the form (when
we transform from their admittance expression to 1),

I =D, %[l —itan(my,/2)] (13)
instead of the more appropriate form* which follows directly
from Eq. (9),

Icps = C.o~ “[cosmy,/2) — isin(my,/2)], (14}
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which does not lead to an infinite result for I " as ¢y, —1. The
Almond and West results for i = ¢ involve just two CPE’s in
parallel. When / = Z, on the other hand, the CPE’s are in
series, a situation explored without the use of complex non-
linear least-squares data fitting'> by Jonscher and Réau™
and with such fitting of real and imaginary data simulta-
neously by Macdonald and Cook.'®

Another response equation which can be related'”'® to
Eqgs. (3} and (10} is

I={1+ (lor )"}~ (15)
If we againtake ¥, = nand ¢, = 1 — n, I, becomes just the
empirical equation proposed quite some time ago by Ravine
and Souquet'® to represent symmetrical arcs whose centers
may be below the real axis, a situation often found when
impedance data on conducting systems are plotted in the
complex plane. The above choice makes I, just the well-
known dielectric response function of Cole and Cole.® It
therefore seems reasonable to designate the general I; func-
tion of Eq. (15), which unifies these approaches, as the ZC
response function. Like the UDR equations, the ZC fails to
lead to w * ! behavior at the frequency extremes, although its
distribution of relaxation times function is normalizable.
The general ZC expression of Eq. (15) leads fori = Z to a
circuit made up of the (ZC), element, i.e., (R, — R _ ) times
the I, expression of Eq. (15), in series with R _ . Alternative-
ly, for i =€, the appropriate circuit is a (ZC), element,
{Co, — C_, ) times the I, expression of Eq. (15), in parallel with
the limiting capacitance C_. But the ZC elements them-
selves may be considered either as unitary circuit compo-
nents in their own right, possibly involving a distribution of
relaxation times,>® or as a combination of an ideal circuit
and a CPE.* For i = Z, the combination of a resistance
{Ro — R )in parallel with a CPE impedance leads to (ZC),,
while for / = € the capacitance {(C, —~ C_ | in series with a
CPE leads to (ZC),.

It is not in general possible to give a closed-form immit-
tance expression whose imaginary part corresponds exactly
to the general /” of Eq. (8} and which leads to the Jonscher
form (4). Thus no compiete function like the ZC is available
for use in complex least-squares fitting of data. It is possible,
however, to obtain expressions for /| and thus 7; in certain
special cases. When ¢,; = ¢, =#,, I/ is symmetrical, re-
ducing to the form first proposed by Fuoss and Kirkwood,*
an expression found to fit many symmetrical data curves
quite well. An equation for the corresponding / | function for
any fractional value of ¢, of the form {odd integer/arbitrary
integer) is available,*' as well as a result? for any values of
¥, and ¥, satisfying ¥, + ¢, = 1. The results of the differ-
ent approaches agree for ¥, = ¢, =, = 0.5 where they

overlap. In general, when ¢,; = ¢,,=1,, one finds?' that the
B, factor of Eq. (8) becomes just #;. The result may be writ-
ten

7= — ¢i/[(w/wip) s (w/wip)'q

i (16
Let us term Eq. (8 the third generalized Jonscher equation,
the GJ3, and, when symmetric conditions apply as in Eq.
(16), the generalized Fuoss—Kirkwood-Jonscher equation

(GFKJ). As I shall show elsewhere (work in progress), the
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ZC and the GFKJ can yield remarkably similar results when
the ¢; of the ZC and the ¥, of the GFKJ are taken to be
different but connected by a simple relation. This connection
reduces the need for a complete /; function for the GFKJ.
THE DISTRIBUTION OF ACTIVATION ENERGIES
MODEL

The DAE model, which will be expressed in terms of an
I, which may be applied at either the i = Z or thei = € level,
is based on an exponential distribution of activation energies
E. The probability density function for E which will be used
here may be written as

0 E<Ey,
Nie_N”E EK) QEQEH 3

AR SR "
N‘elnn 7B, — 1 E~] <E<E ’
O E>Eioo ’

where N, is a normalization constant, 7, and 7;, are tem-
perature-independent constants, and the smallest and lar-
gest activation energies are E, and E,_, with'? E,_ < .
This probability density has been used in an earlier analysis
of transient response of a DAE system'® and leads to ¢ — ¢
response, with two possibly different values of g, over the
midtime range. Let us define A,=kT%,, with j=1 and 2,
and &=E /kT. When 7, = n,,, F,(E ) reduces to simple ex-
ponential dependence on E, a model which generally yields'?
asymmetric complex plane curves, such as those predicted
by the Davidson—Cole** and Williams—Watts?* formulas.
The derivation, predictions, and justification of this simpler
model have been discussed in detail elsewhere, '*'? It may be
designated the DAE, model as opposed to the present gen-
eral model, the DAE.

Both models assume that a thermally activated response
time 7, is the product of a possibly thermally activated ele-
mental resistance and a possibly thermally activated elemen-
tal capacitance.'*?* Thus, we take

R, =R, (18)

C =C,, (19)
and

7= CuR o™ P =1 " . 20)

The quantities with “a” subscripts are taken temperature
independent, and ¢, and B, are also temperature indepen-
dent in the simplest situation. These assumptions lead'? to
the following expression for the general DAE modet:

e gy b —1 r: gt — !
= ([ B e [CEEAE)
1 r

1+ isW 1+ isW
where
M={g;' (" —1) + 85 [ (ra/ra)®* =11},
(22)
and
W==r/ro=exp{yi{€ — &,)] .
Here
Tn=Ty /Ty = exP[?’i(gn - ?f”)] s (23)
"azfiw/"'m‘*‘e’(p[?’i(giw “gn)] s (24)
J. Ross Macdonald 1973
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S=0Ty = 0T, exp[v:& o], (25)

¢ejEws - Asj )/ye ’ (26)
and

b =lay — /lzi)/Yz . (27)

The quantity s is a normalized frequency variable, and the
r;’s are related to the span of the activation energy distribu-
tion. The integrals can be expressed in terms of the hypergeo-
metric function for arbitrary 4, values, and closed forms
may be written for integer and many fractional values.'> Un-
like the ¢; of Eq. (8), which fall in the range 0<#,;<1, the ¢;
may have arbitrary positive and negative values so long as
E,-m < 0.

For convenience from now on, we shall usually suppress
the i subscript, with the understanding that all results shown
apply for either the / = € or the i = Z situations. The asym-
metric DAE, simplification'? of the genera} DAE expres-
sion of Eq. (21) follows when one sets r, = r,=r and/or
¢, = ¢,=¢. Another important simplification, the DAE,,
one which yields symmetric results, follows for the choices
r,=ry?and ¢, = — ¢,=4¢ in Eq. (21). One finds that the
peak value of — 1" vslog(s) then occursats = s,=r," . The
relation 7, = r}’? requires that E, = (E_ + E,)/2, and thus
w,=7, ' =5,/75 = {1, exp[N& _, + &,x)}/2]} ", thean-
gular frequency at the peak. Symmetric complex plane
curves for the DAE, for different values of ¢ and r, are pre-
sented in Fig. 1. The ¢ = 0 curveis, of course, the same as the
¢ = O result for the DAE,.'? Notice that in terms of the gen-
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FIG. 1. DAE, complex plane response for symmetrical situations. (a) 7, and
r, fixed and ¢ =¢, = — ¢, variable {#-—+ o is Debye response}, and (b)
¢ =0.5and r, and 7, = \Jr, variable (r,—1 yields Debye response\.
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eral normalized admittance I and normalized frequency s,
both the DAE, and IDAE, expressions are two-parameter
models. In un-normalized form they involve four param-
cters.

SOME SPECIFIC ¢ TEMPERATURE DEPENDENCIES
FOR THE DAE MODEL

The ¢, and ¢, parameters in q. {21) determine the effec-
tive power-faw frequency response exponents in CPE-like
regions of the response'? and are thus very important quanti-
ties. Although the previous discussion of general DAE, ¢
temperature dependence'? applies fully to the ¢’s of the
DAE and DAE, as well, it is worthwhile discussing some
important specializations of the general expressions of Egs.
{26) and {27). To allow a single ¢ equation to represent either
i = € dielectric system response or | = Z conductive system
response, take y equal to either B or a, depending on the
situation considered. The DAE, condition ¢, = ¢,=¢ im-
plies that 7, = 77,=7. Then ¢ for the DAE, may be written
as

$pag, = —kTn)/le +B). {28)

Even when a and/or B are temperature dependent,'” ¢ will
decrease with increasing 7 for the usual 77 > O situation. The
T—0 intercept may differ, however, between the / = € and
i = Z cases since although we expect a>0, we may have

yil § 0. Note that when a = £ = 0, the system is not thermally

activated and o, is temperature independent. Although
7 = 0 in this case, the ratios a/{a + ) and B /la + f) need
not necessarily be zero, so ¢ may have a finite value. The
results may then be taken to apply to a situation where 7 is
not thermally activated but may sti}! be distributed. This is
not the same, of course, as a thermally activated situation
with ¢ = 0.

Next consider the DAE, condition ¢, = — ¢,=4¢. This
leads to 2y = kT (1, + 7). Since 7, and 7, are temperature
independent and y cannot be directly proportional to tem-
perature, '’ one requires 77, = — 77,=7, aresult which yields
a symmetric, peaked probability density for E when 7> 0.
Thus one obtains

¢DAE1 ={x + kTn)/te + B},

which increases with temperature for 7 > 0.

The temperature dependencies shown in Egs. (28) and
(29} are linear when a and £ are temperature independent.
Eet us consider one further degree of complexity, however,
and sssume that the preexponential factor and the activation
enctgy of the relaxation time are linearly related.'> Then
¥ = vdt - T/T,)}, where y, is temperature independent.
For simydicity let us consider a diefectric system with 8 = 0.
Then one finds from Eq. {29)

¢ = [laymT ' ~T5"}™"

thus ¢ ' is proportional to 7 ~".

It is often found®™® that a thermally activated system
nevertheless exhibits power-law exponents independent of
temperature. This possibility follows from Eqs. (28} and (29)
if 7 = Oorif {kTn| € x| over the range of temperatures con-
sidered and a and £ are temperature independent. Alternati-

(29)

(30)
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vely, one often observes for conductive systems that the ex-
ponents decrease with increasing temperature'®?® as in Eq.
(28). Finally, when the exponents for dielectric systems are
found to be temperature dependent they usually increase
with temperature,®327-?% and their temperature dependence
seems to be consistent with that of Egs. {(29) or (30).

COMPARISON OF VARIOUS MODEL PREDICTIONS

In order to allow plotting of the various equations con-
sidered herein versus the single normalized frequency s, it is
convenient to use the present s=wry, which involves the
smallest relaxation time of the system for the DAE, and take
s = w for the UDR equations, their generalizations, and the
ZC. These choices ensure that peak positions of log,o( — I7)
vs log,,(s) will match for the symmetrical curves.

When ¢, = —¢,=¢>0 and r,=.r,, the DAE,
log( — I ") vs log(s) curve is entirely symmetric around its
peakats,r, = 1. Then for large r, values I';,, ¢ involves only
the parameters ¢ and w, (or 7,), similar to the ¢, = y,=¢
and w, parameters of the GFKJ form of Eq. (8) in the general
symmetric case. Figure 2 shows a comparison of I " predic-
tions for the DAE, with r, = 10°, and ¢ = 0.5; the GFKJ
with 7, =10* and % =0.5; the ZC with r, = 10* and
Y= 0.5; and the Debye model. We see that the ZC agrees
appreciably less well with the other two broad-spectrum
models; the DAE, and the GFXJ are remarkably similar for
r; '<s<1; and the DAE, shows the physically necessary
w*! dropoﬁ' for s<r; ' and s>1 or, equivalently, for
w<rl'andw>714 .

Also of interest is comparison in the complex plane of
the full three I predictions and Debye response. This is
shown in Fig. 3, and again the DAE, and GFKJI results are
remarkably close to each other and the ZC is appreciably
different. Here the arrows indicate the direction of increas-
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FIG. 3. Complex plane plot for Debye, GFKJ, DAE,, and ZC situations.
Same parameter choices as in Fig. 2.

ing frequency and the DAE, »*' regions do not show and
would only do so for a much smaller value of 7,. For ¢ > O the
shape of the DAE, complex plane arc stabilizes for large r,
and only its frequency scale changes with increasing r,, with
the peak of —I” as s=s, =r'. Thus the curve for
= 10*is very closein shape to that shown for r, = 10%, and
there is negligible difference in shape between r, = 10® and
r, = 10" curves. Note that even for r, = 10'%, when
y=a + B = 1 the quantity (E , — E,)is less than 30 kT, not
an extremely wide activation energy span.
The results of Fig. 4 show that the general DAE and the
I" of Eq. (8), the GJ3 equation, also yield excellent agree-
ment for nonsymmetrical peaked curves. Since no expres-
sion for I’ associated with the I " of Eq. (8} is available in the
unsymmetrical case, we have adjusted the parameters of the
Jonscher curve so that it agrees exactly at one point with the
DAE, prediction. Note that the slope of the log{ — I ") vs

logis) DAE, curve is —¢#,>0 for r; '<s<r7' and

— ¢, <0 for r{ ' <5< 1. Agreement between the two mod-
B\ - P SE - 0 2
T Ll Loglo(s') ¥
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FIG. 2. Comparison of Debye, GFKJ, DAE,, and ZC predictions of
log( — I'*) vs logis) for the parameter choices shown.
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FIG. 4. Log{ — I ") vs log{s) curves for unsymmetrical GJ3 and DAE equa-
tion situations.
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els would extend over a wider frequency range if r, and 7,
were taken larger so the w * ' regions didn’t appear within the
range considered.

Finally, Fig. 5 shows three-dimensional perspective
plotting® results for the situation where ¢, and ¢, are both
positive, a condition often found for conducting systems. We
have used 3D plotting here because it is important to illus-
trate the frequency response of the real and imaginary parts
of I simultaneously. In order to show response over a wide

log (~17)

FIG. 5. Logarithmic three-dimensional perspective plots and their projec-
tion curves for the DAE with ¢, > 0 and ¢, > 0 and for two GJ2 curves fit to
the DAE results: (a) ] ” fit for GJ2 (dash-dot line); (b) full / fit for GJ2 (dashed
line). For the DAE (solid lines): r, = 10%, r, = 10'?, ¢, = 1/3, ¢, = 2/3. Pa-
rameter estimates: GJ2 7° fit: B, =(2.901 £ 0.418)x107%, 7,

= (7.411 + 2.233)X 10%, ¥, = (0.2201 + 0.0189), and
¥, = (0.6856 + 0.0079). GJ2 I fit: B, =(4.603 +0.700)x107%, 7,
= (1.836 + 0.548) X 10%, ¥, = (0.2933 + 0.0089), and

¥, = (0.7067 + 0.0089).
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range, we have plotted log{ — I "), log(/’), and log(s) here.
Thus one of the projections is just the ordinary log{ — 7 ") vs
log(s) plot and another is the log complex plane plot. The tick
marks in these plots are spaced at unity intervals (factor of
10), and the origin of [log( — I "), log{I"), log(s)] is at ( — 8,
— 7, — 14]. The solid curve is that for the general DAE
with the values listed in the caption. Note that it shows a low-
frequency peak. Also shown for comparison are two GJ2
curves which do not have peaks. Separate plots are presented
for added clarity. The GJ2 curve of Fig. 5(a) was obtained by
fitting only 7 ” DAE results with the GJ2 formula, using
weighted nonlinear Jeast squares. Notice that its predicted /'
results are rather poor, particularly at the high-frequency
end. The curve of Fig. 5(b) was obtained by using weighted
CNLS to fit the DAE complex “data” with the full GJ2 1
equation. In both of these fits only DAE *‘data” satisfying
107°<s< 1073 were used in order to avoid the s * ! regions of
the DAE at the frequency extremes. Note that the CNLS
fitting results show that for the present case the GJ2 can well
simulate the DAE over a wide frequency region and, of
course, vice versa. But the estimated parameter results given
in the caption also show that conventional fitting of the
imaginary part only is less satisfactory, as far as yielding
good resuits for the real part and for parameter predictions,
than is CNLS fitting. Finally, the first form of Eq. (10), with-
out the GJ2 specializations, was also fit to the DAE *data.”
Exactly the same fit was found as with the GJ2, as expected,
since both equations had four free parameters. But the refa-
tive standard deviations of the parameters were smaller with
the first form of Eq. (10} than with the GJ2, and the param-
eter correlations were far smaller. In fact, all but one of those
for the GJ2 exceeded 0.9! These results suggest that CNLS
fitting is better than imaginary part fitting and that the gen-
eral Eq. (10) result is more appropriate, at least in this in-
stance, than its Jonscher specialization.

The above results show that the DAE model is capable
of fitting all the “UDR” equations and their generalizations
extremely well. In addition, it has been found (Ref. 30 and
work in progress) that the DAE can fit very well the predic-
tions of virtually all other models which have been used in
the past to analyze dielectric or conductive system data.
Such fitting, carried out by CNLS over a wide frequency
range, generally yields somewhat different values of the
DAE ¢ ’s and the ¥ exponents of the other models, as is, in
fact, required since the ¢’s and #’s have different ranges.
Nevertheless, the fitting agreement allows one to determine
relations between the ¢ ’s and the ¢’s of the other equations.
Such relations may then be employed, along with the tem-
perature dependence of a given @, to predict the possible
temperature dependence of a ¥ directly determined from
data fitting using an equation like the ZC or the GFKJ.

DISCUSSION

The DAE model, Eq. (21) and its simplifications, yields
frequency response results at either the impedance or the
complex dielectric constant level which can accurately simu-
late the response of the ZC, the Davidson-Cole, the Wil-
liams-Watts, and all three of the UDR equations. Thus it
should be able to fit quite well all the vast amount of experi-
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mental data which these equations have been used in the past
torepresent. Further, unlike these equations, the DAE mod-
el is less empirical. The DAE is a model which falls between
macroscopic models/empirical equations and microscopic
models, models which have the potential for greater accura-
cy and for yielding expressions for all parameters which in-
volve only basic microscopic material properties. But since
accurate microscopic modeling of even small-signal frequen-
cy response involves the solution of a many-body problem
with appreciable short- and possibly long-range coupling, no
adequate, fully microscopic solution is yet available.
Further, since the interacting entities may be ions, charged
defects, electrons, holes, dipoles, or combinations thereof,
several different microscopic theories for different situations
will certainly be required to yield response like the single
DAE model.

The main somewhat empirical element in the DAE
model is the use of an activation energy probability density
distribution which depends exponentially on E. This choice
is a very natural one and is somewhat justified elsewhere. %12
Further, several statistically based approaches to obtaining
an activation energy exponential probability density were
discussed at the March 1985 APS meeting and should ap-
pear in the literature in due course. {See especially Ref. 37
and references therein.) When any microscopic theory yields
an expression for 7, the strength of the exponential distribu-
tion, in terms of basic microscopic parameters, the result
may be directly incorporated into the DAE, removing an
empirical element, at Jeast for the particular microscopic sit-
uation considered.

It is worth emphasizing that the exponential probability
density distribution F(E£') for activation energies, on which
the entire DAE approach is based, is directly related'®? to a
finite-range Pareto distribution for 7, one with & (r)cr ™"
for a finite range of 7. Now Shockley®' and Montroll and
Shlesinger®” have shown that a multiplicative picture, where
overall success depends on the success of many independent
subtasks, can lead to a log-normal distribution % (x) of a
variable x. Further, Montroll and Shlesinger have shown
that this distribution is well mimicked by a reciprocal distri-
bution when the dispersion of the overall process is large,
and by a Pareto distribution when an inherent amplification
process is present. The probability density & (x) in the last
case is interpreted as the distribution function of a divergent
branching process in which the mean value of ¥ (x) is infi-
nite.*?

Let us apply these results to the present DAE model,
remembering that it involves finite-range rather than infi-
nite-range distributions in order to achieve the physical rea-
lizability eschewed by many infinite-range models. Let such
a finite range be understood in the following. Thus problems
with infinite first and higher moments do not arise. We may
identify the multiplicative process with relaxation, so x = 7.
Then when 7 exhibits a (truncated) log-normal distribution
and is thermally activated, E will have a {truncated) normal
distribution. The natural interpretation is that thermal acti-
vation response is then the resuit of many independent addi-
tive processes (ones with different activation energies) dis-
tributed with an overall {truncated) normal probability
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density. Alternatively when ¥ (7) is well approximated by a
771 or 7~ " probability density, F (E ) is distributed exponen-
tially, as in the present DAE model. In this case the original
Gaussian density has been replaced by an exponential wait-
ing-time distribution. The presence of the amplification pro-
cess in the Pareto (or exponential) distribution possibly may
allow the overall response to be interpreted as involving
many dependent, coupled elemental processes. There is
clearly a need for microscopic modelling here. Finally, it
should be emphasized that small-signal ac response is only
sensitive to the overall general shape of a probability distri-
bution density, not to the fine details of the distribution.*?

Most earlier DAE studies have aiready been dis-
cussed,'? but it is worth mentioning that of Bernasconi et
al** which shares a few common features with the DAE
model, including the DAE, exponentia! activation energy
probability density choice (but taken untruncated). Only re-
sults for the low-frequency limit have been presented by
these authors and are of simple CPE form, however. Ngai
and White*> have obtained CPE response arising from the
presence of ubiquitous correlated states associated with
many-body interactions in condensed matter. It is not unrea-
sonable to expect the energy of these states to be distributed
with exponential probability density, as in the present DAE
model. All real systems, even single crystals, show some dis-
order at finite temperatures, and it is likely that this disorder
leads to a distribution of activation energies for, e.g., dipole
rotation or ionic hopping.

A somewhat different approach has been recently de-
scribed by Dissado and Hill.*® Like the DAE mode}, it is
intermediate between a macro and a micro approach, but it
envisages the presence of many clusters with intra and inter-
cluster interactions. Its solution also yields response in the
form of a hypergeometric function as well as good agreement
with some data of the type well described by the second and
third UDR equations, Egs. (2) and (3). But it involves the ¢,

=m and ¥, =1—n Jonscher power-law exponents,

which are limited to the range (0,1); no limiting w*' re-
sponses are shown; it does not yield explicit expressions for
the temperature dependencies of the power-law exponents;
and its range of applicability may be only for very low tem-
peratures.

Because of the importance and usefulness of both
weighted CNLS and the present DAE model, this model has
been incorporated as a general circuit element in a very flexi-
ble equivalent circuit which is part of a powerful CNLS com-
puter program available from the author. The complete cir-
cuit also includes the ZC, the Davidson—-Cole, Williams—
Watts, CPE, and GJ2 equations as possible fitting elements.
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