A lattice model for the electrical double layer using finite-length dipoles
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A lattice model of the metal electrode—electrolyte interface is presented which partitions the
region into a number of planar layers. In each layer statistical competition occurs between ions
and solvent molecules, represented as point charges and finite length dipoles, respectively.
Differential capacitance and other results are compared with those of earlier models and with
experiments. Agreement with experiments requires explicit inclusion of an inner layer with
solvent properties which differ from the remainder of the system. The inner layer may consist of
finite-length dipoles alone, or of both dipoles and charges. The use of finite length dipoles
drastically changes the high field saturation properties of the layers, as compared with models
involving infinitesimal (point) dipoles. Very little dielectric saturation occurs at physically

realizable fields.

I. INTRODUCTION

An adequate analysis of the electrical double layer
which forms at the interface between a metal electrode and a
liquid electrolyte remains a difficult and intriguing problem.
A full theory of this situation should treat both the ions and
the solvent molecules discretely, taking into account such
effects as finite size, dielectric saturation, and cooperative
interaction. We present a layered lattice gas treatment which
meets many of these goals, at the price of certain simplifica-
tions.

The classical Gouy—Chapman'+? treatment of the inter-
face between an electrode and a system of mobile charges
involves a model which represents the ions as point charges
embedded in a homogeneous dielectric medium. It thus
takes no account of the steric interactions between ions
which limit the charge density close to the electrode, nor of
dielectric saturation which occurs as polar molecules line up
with the local field. An improvement is the inclusion of a
special charge free inner layer.? This prevents the unphysical
build up of charge near the electrode. In addition, by taking
the dielectric constant of this layer to be small compared to
the bulk value, one can take some account of solvation and
dielectric saturation.

A less phenomenological approach is to treat the more
realistic model system of charged hard spheres in a dielectric
continuum by the methods of modern statistical mechan-
ics—usually involving integral equations in terms of the cor-
relation functions.*' Much effort has been expended to en-
able regions of high charge concentrations and electric fields
tobe treated. These theories are now in good agreement with
simulation results for the simplified model systems. The ex-
tension to models in which the solvent molecules are also
treated microscopically (e.g., as hard spheres with embedded
dipoles) is possible, but yet more difficult.'-13

The intractability of these theories is of course the result
of a situation which cannot be considered a small pertuba-
tion of a simple solved model. For example, in the bulk or
diffuse layer, the ordinary Gouy—Chapman theory usually
gives good results, indicating that the hard sphere interac-
tion is a minor correction to the basic Poisson-Boltzmann
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model. In the region near the electrode, however, both hard-
sphere and Coulomb effects are quite important and in direct
competition. Statistical treatments are thus usually limited
to low fields and/or systems where the solvent difficulties
molecules have small dipole moments. One way out of these
diffuculties is to substitute an artificial lattice for the hard
sphere interactions. Earlier work has shown that this ap-
proach may be quite useful for liquid electrolytes,'*2! even
though it should be most appropriate for solids. A feature of
these models is that the system can be divided into layers
parallel to the electrode. The inner layer can thus be treated
in the same way as the remainder of the system or special
properties can be assigned to it.

Il. THE MODEL SYSTEM

In earlier work®? we introduced a layered lattice gas
model involving point charges and finite length (“dumb-
bell”) dipoles. In that work we derived the basic equations,
presented exact solutions for a single layer, and determined
the dielectric constant of a pure dipole system. We review
here the most important features of the theory.

The model consists of point charges, representing the
mobile ions, and finite-length dipoles, representing the polar
solvent molecules. The model system is divided into planar
layers parallel to the electrode. Within each layer the charges
and dipoles are restricted to sites on a two-dimensional
square lattice, lattice constant a. The quantity a corresponds
to the hard sphere diameter of the solvent molecules; thus for
water we use @ = 3.1 A. All quantities are averaged over the
plane parallel to the electrode layer, so that the electric field,
potential, and effective charge density are functions only of
the perpendicular distance from the electrode x. The full
system consists of an infinite number of such planar layers.
There are N}, particles (or lattice points) per unit volume.
The uni-univalent solute ions each have average concentra-
tion c,=N, 6. Thus the molarity is My==cy/
6.022 X 10*°=55.55, where c, is in number per cm?, and M,
is mol/l. The (1 — 25)N; remaining particles are finite-
length dipoles used to represent the solvent molecules. Each
dipole consists of two point charges, of magnitude 7e, sepa-
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rated by a distance d = 2¢. Their permanent dipole moment
is i« = ned. While it is possible to take the polarizability of
the particles into account,?? we use here instead a homogen-
eous background dielectric constant €, = 6.0.

The fundamental approach is to solve simultaneously
the equations of statistical mechanics, which determine the
particle occupancy and dipole orientations as a function of
the fields, and the electrostatic equations which link the
fields to the ion and dipole numbers and orientations. It is
convenient to replace the electric field & and the potential ¢
with the normalized potential

¢ =y/Vy, (1)
and the normalized field

E (y)=%(x)/Ex, (2)
where

Vy=kT /e=E\t. (3)

Here y=x/t is our normalized distance variable. We use the
convention E{ — 1) = E_, etc. The dipole length scales as

Ty=t/Lpy, (4)
where L, is the lattice Debye length
Loy=[e_ kT /87e*N, ]2 (5)

The normalizing surface charge o and capacitance per unit
area Cy are given by

oy=¢€_kT /4met =CyVy. (6)

When one makes the simplifying assumption that the
length of the dipoles is d = a, the parameter 7 determines the
effective dipole moment. Using water as a typical solvent,
one finds there are two ways to fix this value. If we require
that the dipoles have the bare dipole moment of a water
molecule, u = 1.84 D, we choose 7 = 0.124. This choice
leads to a low value for the dielectric constant of a system of
dipoles alone. If we require that such a system have the di-
electric permittivity of bulk water at 20 °C, €5 = 80.1, we
find 7 = 0.682. This is the value used in most of the work
reported here. This enhanced dipole moment represents in a
crude way the cooperative effects and hydrogen bonding
present in the actual solvent. The dielectric properties of a
system of finite-length dipoles alone were explored in detail
in Ref. 22 and, independently of our work, in Ref. 23.

Equilibrium statistical mechanics is used to determine
the ensemble of orientations of the dipoles in each layer.
Each dipole can take on any orientation with respect to the
external field. The final configuration consists of a distribu-
tion of orientations. These orientations give an equivalent
charge density—e.g., if the dipoles were completely aligned
with the field, they would produce delta functions in charge

densityaty= — landy=1.
The basic electrostatic equations for a single layer are
E,=E_;—Qp,+Q1/2, (7)
E1=E_1+Q,, (8)
¢0=¢—1—E—-1+QD1+¢D1’ 9)
¢,=¢_—2E_;+20Qp, +2¢p, — Qs (10)

Here Qp,, represents the equivalent charge of the dipoles

between y = — 1 and y = 0, Q, represents the ionic charge,
etc. These terms are given in Ref. 22 in terms of complicated
combinations of elliptic integrals and Jacobean ellliptic func-
tions. The fields and potentials of each layer are linked to the
next by electrostatic continuity. At the first layer, next to the
electrode

E_ =0, (11)
and

$_1=4,. (12)
Here Q,, is the normalized surface charge on the electrode
and ¢, is the applied potential difference, relative tox = oo.

. RESULTS

The full, self-consistent multiple-layer system cannot
be solved analytically except in the limit of low applied
fields. In this situation the response is linear and the total
capacitance, Cr=0Q,, /4, is also the differential capacitance
Cp=dQ,,/d¢,. The fields and potentials vary throughout
each layer, but from one layer to the next (and thus from the
left to the right edges of a single layer) each declines by a
constant ratio y. That is,

E =yE_, (13)
$r=vé_, (14)

Substituting these expressions into the low field limiting
form of the equations relating £ and ¢,

Q,— — 28T}, sinh(¢o)/Zr— — 25T 3o, (15)

Qp1—Eq[cosh(w,) — 1], (16)

¢p1—Eo[1 — g ' sinh(wy)], (17)
where

wo=2nTnJ1—26 (18)
gives finally the normalized capacitance 4 as
8TA
A= — 2 _[w, coth(w)]. (19)
14 6T%
Figure 1 presents a plot of the molarity or concentration

dependence of the total capacitance at low field for the finite-
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FIG. 1. Low field limiting value of differential capacitance Cp, as a function
of molarity for four differential theories: Gouy—-Chapman (GC), a liquid
lattice model (LLM), an infinitesimal dipole model (IDM)}, and the present
finite dipole model (FDM).
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dipole model (FDM). For purposes of comparison we have
included results of the Gouy—Chapman,? theory (GC), that
of a liquid lattice model'® (LLM), and that of a layered model
in which the solvent is represented by a region of uniform
polarization—equivalent to infinitesimal dipoles?! (IDM).
The layered models do not show the unphysical increase in
capacitance at high concentrations that the ideal gas models
do. In addition they show the exclusion effect that at high
concentration (5—0.5) there are few dipoles present and thus
a low dielectric constant.

For nonzero applied fields there is no analytic solution
to the equations above, and they must be solved numerically.
The first step is the numerical solution of the single layer
equations. Although these equations can be written in closed
form, they are implicit—e.g., the equation for the potential
involves that potential. A standard nonlinear equation solv-
er package is used to find the combination of field and poten-
tial which is self-consistent. Figure 2 shows the fields and
potentials in a typical layer. Note particularly that the field
at the center of the layer E,, has declined by a large factor
from that at the left of the layer due to the shielding of the
dipoles. This reduction is also present in the mean field ap-
proximation treatments of spin dipole models of the inner
layer.?>?¢ In this case the field acting on a dipole is consid-
ered to be the sum of the external field and a reaction field
due to the other dipoles. In the small field region the net field
may be only about 5% of the external field. In the present
model, however, we consider the fields throughout the layer.
It is the effect of fields varying over regions of the same size
as that of the dipoles that our model particularly attempts to
treat.

The more difficult numerical problem is the solution of
the full multiple layer system. We find that forward iteration
is useful and appropriate. For a given charge on the electrode
Q.. (which determines the field at the left of the first layer) a
trial potential ¢, is picked. The single layer equations are
solved numerically to find the field and potential at the right
of this layer, and these values are used as inputs to the next
layer. Generally, either the field or potential will become
negative or increase within a few layers—showing that the
assumed potential is inconsistent with the assumed electrode
charge. Then a new guess must be made for the potential.

3217

Iteration continues until a potential is found such that the
field decays to 10~ of its initial value before changing sign
or increasing. This may require up to 100 layers. This algo-
rithm determines the actual consistent potential to high rela-
tive accuracy, on the order of 10~ . As a result of this proce-
dure, the net charge in the system balances that on the
electrode and the overall system is very closely electroneu-
tral. Figure 3 shows the way the fields and potentials decline
in a multiple layer model. The points represent the param-
eters at the left edge of each layer, the lines are merely a guide
to the eye. Even at relatively high fields, here Q,, = 40 uC/
cm?and & _, ~7.5% 107 V/cm, the overall curve is nearly a
simple exponential decline.

Figure 4 shows the charge on the electrode as a function
of the applied potential at different molarities. At the high
potential and concentration regions saturation effects ap-
pear. These will be treated in more detail in Sec. IV. The
differential capacitance curves in Fig. 5 shed more light on
the model. Not only is the capacitance different at different
molarities, the dependence on electrical field is significantly
affected by the bulk concentration.

The above results, while informative and directly com-
parable to earlier models, are not totally consistent with ex-
periments. Experimental work, such as Grahame’s studies of
NaF, yields differential capacitances less than 30 uC/cm?>.%*
The usual explanation is that the layer of solvent molecules
nearest to the electrode is qualitatively different from the
remaining, diffuse layers. Specifically, the lower capacitance
implies a region of low dielectric constant. It is generally
assumed that the layer is charge free, following Stern.? The
inner layer accounts not only for the dipole—dipole interac-
tions, but also reflects the effect of the metal electrode. The-
ory*”?® indicates nonlocal effects—the electrical field pene-
trates the metal surface and the electron wave functions of
the metal spill over into the solution. The inner layer capaci-
tance is in series with the bulk capacitance and dominates
the total capacitance. It can be treated in several ways. The
simplest approach used, e.g., by Macdonald and Liu,? is to
add a series cpacitance to the overall system response. In the
more microscopic spirit of this work, we investigate two ad-
ditional models which incorporate an inner layer with lower
dielectric constant. In one case we assume the inner layer to

FIG. 2. Relative electric field, &/
& _,=E(y)/E(— 1),inatypicallayerasa
function of distance perpendicular to the
electrode y.
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FIG. 3. Electric fields and potentials at the
left edge of each layer in a multiple layer
model. Data points are marked, lines are a
guide to the eye.
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Table I. Summary of model parameters.

Table I1. Low field limiting values of the differential capacitance Cp, for the
various models compared to experiment (Ref. 24) (E'). Capacitance is uC/

A B C D cm?, concentration is mol//.
n(bulk) 0.682 0.682 0.124 0.682 Concentra-
7(inner layer) 0.124 0.124 tion A B Cc D E
' 0 5,
1.0 109.3 30.5 47.1 30.1 26.0
0.1 63.4 25.4 27.2 25.2 20.7
0.01 229 14.8 9.8 14.8 13.1

be charge free but containing dipoles. In the other case we
allow charges and dipoles to compete for occupancy in this
layer. In both cases the dipole parameter in the inner layer is
taken as 7 = 0.124, corresponding to the bare dipole mo-
ment £ = 1.84 D. This implies that the cooperative effects
which enhance 7 are much reduced in the inner layer. We
retain the assumption ¢, = 6.0.

The low-field value of C = Cp, can be calculated in the
same way as above. We begin by assuming that the inner
layer is charge free. We wish to find a charge and potential at
the left side of this layer, such that the charge and capaci-
tance at the right side match the bulk material

E,=E_,, (20)
$r=vp_, (21)

(the electric field is the same on both sides of the first layer
because no net charge is contained in this layer) and

E\/¢$=A; , (22)
where the subscript b stands for bulk.
A simple calculation gives
E_/$p_ 1=Ag=[45"+K]7" (23)
K, = 2Th =2 tanh(w,)/w,. (24)

This is equivalent to the addition to the diffuse layer capaci-
tance of a series capacitor of capacitance C = 1/K;. In the
situation where the inner layer has 7 = 0.124, but charges

70
| Model B
™ ( Inner Layer Added)

and dipoles are competing for occupancy, we again match
the bulk at the right side of the layer. Similar calculations
then lead to the result

_ Ay(1+8 +8Th)—28
(1468 —38Th)+2A,Th(1 +6)

(25)

eff

where &' refers to the zero field ion concentration in the first
layer. Note that when 6 '—0, this result reduces to that of Eq.
(23), as it should. Table I summarizes possible choices for the
inner layer and the remaining system—enhanced or bare
dipole parameter, charge-free inner layer or not. The various
choices are indicated by models 4, B, C, and D. Table II gives
the low field capacitance of each model at three different
molarities and the corresponding experimental values.?* An
explicit inner layer of low effective dielectric constant is seen
to be necessary.

Figure 6 shows the potential dependence of the differ-
ential capacitance with the added inner layer at two different
molarities, calculated numerically self-consistently. Again
we see that the capacitance is reduced, and the dependence
on field is changed by the inner layer. All the capacity curves
are symmetric around ¢, = 0, which corresponds to the ex-
perimental potential of zero charge.

—
-
-
—
- -
FIG. 6. Differential capaci-
tance as a function of normal-
ized potential in models with a
inner layer.
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10
5_.
0
[ T I T I ] I | T
0 5 10 15 20 25 30 35 40 435 S0

J. Chem. Phys., Vol. 81, No. 7, 1 October 1984

Downloaded 11 May 2006 to 152.2.62.11. Redistribution subject to AIP license or copyright, see http://jcp.aip.org/jcp/copyright.jsp



3220 S. W. Kenkel and J. R. Macdonald: Electrical double layer

85} 7 =682
eo} (Inner Layer)

% Ions
3

Dipoles

FIG. 7. Competition for site occupancy—
percentage of sites in the inner layer occu-
pied by ions and dipoles. Q.. corre-
sponds to an unnormalized maximum ion
charge of 166 zC/cm?, Qpy,.,, corresponds
to ::n equivalent dipole charge of 113 uC/
cm’.

s3l0did %

88880332383 8¢

o0 50 100 15.0

3

IV. SATURATION

The present semimicroscopic approach allows us to in-
vestigate two different saturation effects. The lattice occu-
pancy restriction limits the maximum charge density in a
layer to Q; <T%=0Q,..,- In unnormalized terms, o, <166
pC/cm? (The exact numerical value is a function of the
square lattice we have assumed. A hcp lattice would imply
0,;<1924C/cm?.) The parameter Q, /Q,,.., is thus a measure
of the extent of charge saturation. Figure 7 shows how the
percentage of lattice sites in the first layer occupied by ions
depends on applied potential. Naturally as ions move into
the layer, they crowd out the dipoles.

A second type of saturation is related to the orientation
of the permanent dipoles. An appropriate measure of this is

100
ot
ol =124
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75t Mo2 1.0
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£ «of Tommy
g 55 | D max
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FIG. 8. Ion and dipole saturation Q;/Q,.... and Qp/Qpum.; as a function of
potential.

26-0 50300 350

3
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400 450

Op, the equivalent dipole charge. This parameter is limited
by Qp <NT % =0 pmax- @p measures the effect of the dipoles
on the field, and thus includes both the orientation and the
number of the dipoles. The maximum value of this param-
eter occurs when all of the particles in a layer are dipoles, and
when all the dipoles are lined up with the field. Figure 8
shows the saturation parameters Q;/Q.... and Qn/Qpmax
for the first layer in a model where both ions and dipoles are
competing for occupancy. As established earlier,”"** very
high fields are required to saturate the finite-length dipoles.

VI. CONCLUSIONS

The present work has demonstrated the possibility of
using a layered lattice gas model to represent the metal elec-
trode-liquid electrolyte interface. Various finite-size effects
can be included in this treatment which are very difficult to
add to other models. The most important conclusion, how-
ever, is that these effects are not sufficient—a distinct inner
layer with properties which differ from the rest of the system
is still required. This inner layer represents the effects of
specific adsorption, field penetration, and cooperative dipole
interactions found at actual interfaces.

Some possible extensions readily suggest themselves.
The “average field” approximation is the most severe simpli-
fication we have employed. Some further incorporation of
lateral local field effects, e.g., an additional mean field,
would be most useful. (The present model already incorpo-
rates, through its self-consistency, a certain kind of mean
field.) The major feature which is left untreated is the cooper-
ative interaction of the solvent dipoles—their tendency to
prefer to be either aligned or antialigned.?** Work is in pro-
gress to consider these effects, especially in the inner layer.
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