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In a recent paper,! Barker and Diana discuss the
method of effective variances for fitting data when both
dependent and independent variables have uncertainties.
They point out the importance of the problem and the fact
that real and significant errors in estimation can result
from neglect of uncertainties in the independent variables.

The method of effective variances has received broad
usage in estimation of thermodynamic parameters after
being described by Hust and McCarty? in 1967. Another
widely used method, for vector models, was presented
by Deming? in 1943. Barker and Diana! show results,
using a method that is a special case of Hust and
McCarty’s, that agree closely with those given by
Deming?® for quadratic data. If Deming had carried the
iterative process to completion, his results would have
been identical to those obtained by Barker and Diana,
since Luecke, Britt, and Hall* have shown that the
method of effective variances yields results identical to
those obtained with the Deming method.

As pointed out by Barker and Diana, these methods are
approximate. However, three publications in the last two
years have described algorithms leading to the exact max-
imum likelihood solution to this problem.®” The method
of Britt and Luecke,® which is the most general and is an
extension of Deming’s method, applies to problems where
observed variables are related to unknown parameters
through implicit functions of the form:

F(z,p)=0 (1)

where z is a ¢ vector of observables and p is an n vector
of parameters. For zero mean, normally distributed error,
the maximum likelihood estimate for p is obtained by
minimizing

Q(2)=(z,,-2)"R!(z,,~2) (2)

subject to the constraint of Eq. (1), where z,, are the
measured values and R is the variance—covariance matrix
of the measurement error. An iterative solution was pre-
sented for estimates for both the parameters and the
measurements:

pi=p;—[F,"(FRF,*y'F,J' F,”(F,RF,")F, (3)
zi*1 = Zm - RFZT(FZRFZT)-1
X[F+Fy(psa1=g) + F oz - 2,)] 4)

where F, is the Jacobian matrix of F with respect to the
parameters and where F, is the Jacobian matrix of F
with respect to the observables. F,F,, and F, are
evaluated using the most recent estimates for z and p.
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Barker and Diana! (BD) have recently illustrated the
approximate effective variance method of Clutton-Brock?
and Hust and McCarty® for handling least-squares data fit-
ting when all the variables involve measurement uncer-
tainties. This general ‘‘errors-in-variables’’ situation is the
common experimental one, yet it is usually anaylzed
using ordinary least squares (OLS) procedures where un-
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certainties in independent-variable measurements are im-
plicitly or explicitly taken to be negligible. Since such
OLS analysis of a situation where significant random er-
rors occur in measured values of all variables is known to
lead to unnecessary errors of estimation, more publicity
on improved alternatives, such as the effective variance
method, is indeed welcome.! The aim of the present note
is, therefore, to add additional information related to BD’s
results and discussion and to mention two other errors-
in-variables analysis methods which converge to yield
exact solutions of the least squares minimization equa-
tions (unlike the effective variance method) and are likely
to be just as easy to use as that method.

Although BD cite the slowly convergent exact solution
of the errors-in-variables problem for polynomial fitting
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