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PRELIMINARY NOTE

Equivalent circuits for the binary electrolyte in the Warburg region

J.R. MACDONALD
Texas Instruments Incorporated, MS-227, P.O. Box 5474, Dallas, Texas 75222 (U.S.A4.)
(Received 4th August, 1973)

The question of the most appropriate equivalent circuit to use in analyzing
impedance measurements for a given electrolytic cell situation is an important one which is
currently attracting renewed interest! 5. An incorrect choice can lead to misleading
conclusions about the processes occurring in the cell. In this note, I shall consider only a
cell containing a binary electrolyte; thus no supporting indifferent electrolyte is added, and
only two mobile charge types of opposite sign are present. The results should apply not
only to dissociated charge in liquid solvents but also to many fused salt and solid material
situations.

In a recently published paper®, a quite general exact microscopic theory of the
impedance of a binary-charge system is presented which aliows the charges to have
arbitrary mobilities, pp and pp, and arbitrary valence numbers, zy, and zp. The situation
analyzed includes extrinsic as well as intrinsic conduction; here, however, only intrinsic will
be considered. This treatment involves the usual boundary condition dimensionless param-
eters rp and r,. When one_of these is zero, the electrode is blocking (ideally polarized) for
the charge type involved; alternatively, when r, = oo, say, negative charges discharge and/or
appear at the electrode (first-order reaction) without perturbing the steady-state
concentration there, equivalent to an infinite reaction rate for the charges involved.
Although r, and r do not allow the possibility of rectification, they do cover the entire
range of conditions from complete blocking to infinite reaction rates and are thus relatively
general.

Because of the complexity of the closed-form analytical results of the above
theory, only the zero-frequency limiting values of the frequency-dependent capacitance, Cj,
and resistance, R;j, were examined in detail in ref. 6. A further paper is in preparation which
discusses the frequency response of the overall cell impedance and admittance components
in detail for all frequency regions of interest for the intrinsic conduction situation”. The
analysis of the Warburg response region, one of the main regions of usual electrolytic
interest, has yielded several unexpected results which seem likely to explain a considerable
body of experimental measurements and thus warrant this preliminary discussion. It is
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important to mention, however, that the theoretical results follow from a linearized theory®
and thus apply most appropriately when the equilibrium potential is coincident with that
for zero net electrode charge. Thus, an alternating potential small compared to (RT/F) is
applied to perturb slightly the equilibrium state of the system. Nevertheless, it is likely that
the present results will apply qualitatively or possibly even semi-quantitatively for an
appreciably wider static potential span around equilibrium.
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Fig. 1. (a) Conventional equivalent circuit for a Warburg frequency response region without specific

adsorption. (b) Approximate binary-charge-situation equivalent circuit for the saturation frequency
region which follows Warburg response when it occurs.

Figure 1a shows the usual Randles® equivalent circuit for a simple cell without
specific ionic adsorption. As usual, a small working and a large indifferent counter electrode
are considered. The circuit thus applies primarily to the working electrode. Here Cg is the
double-layer capacitance (all quantities will be considered for unit electrode area), Roo the
solution resistance, Rg the charge transfer resistance, and Zw a Warburg impedance,

Zw =A0(1 — DV w 1)

arising from a linear diffusion process. Here 4,4 is the Warburg parameter, i =+/—1, and w
is the radial frequency. Unfortunately, while this circuit has seen yeoman service in the past,
it has usually been applied indiscriminately to both supported and unsupported electrolyte
situations. As we shall see, to the degree that the present results®:” are applicable, the
circuit is inappropriate for a binary unsupported sifuation.

Current work on the binary case shows that the overall total cell admittance or
impedance exhibits explicit approximate Warburg behavior only when (a) charges of one
sign are completely or nearly completely blocked, and (b) charges of opposite sign are
relatively free to discharge and, as well, have much lower mobilities than do the blocked
charges. Such strongly different mobilities are unnecessary to allow the basic frequency-
dependent impedance Z; appearing in the theory® to exhibit Warburg response but are
necessary to allow such Warburg behavior to be reflected in the externally measured
impedance.

Let us adopt the nomenclature used in the earlier work® to represent a specific
binary electrolyte situation: (rp, 7'n; Tm, 7z; 0, M). Here npy, is the mobility ratio pn/pp; 72
is the valence number ratio z,,/zy; and M =1/2Lp. Since Lp is the ordinary Debye length,
M measures the number of Debye lengths contained in half the distance ! between
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electrodes (taken place, parallel and identical irt the theory). In most cases of interest, M >=>
102, a condition assumed to hold here although the full theory applies for any M. Thus, a
condition for external Warburg behavior might be written {0, r; 7, 7z ; 0, M), where
Tm <K 1072, r, => 1, and 7, is arbitrary but usually limited to the range 0.25 < 7, <4 by
available ionic valences. An entirely equivalent situation as far as external impedance is
concerned is® rp, 0; mm ', 77 !; 0, M). Note that for both cases the reacting carrier has
much lower mobility than does the blocked carrier.

Now the usual expression for 4, applying for a single working electrode when
oxidizing and reducing species (diffusion coefficients Dg, DR ; concentrations cg and cr)
are present at the electrode may be written at the equilibrium potential as®—°

P — _(‘\/_2-"2F2) { Vo2 . DRZ —1
° RT covVDo crvDgRr

Here » is the number of electrons participating in the reaction, and vg and vR are the
stoichhometric factors of the electrochemically active species in the overall electrode
reaction!®. Calculations leading to results of this type have, heretofore, always been carried
out, either explicitly or implicitly, for a supported electrolyte situation; thus, no direct
electrical interaction between active species has been assumed.

The present work® shows that in the unsupported case Poisson’s equation leads to
extremely strong coupling between positive and negative mobile charge and thus, in the
Warburg situation, between blocked and reacting charges. For this reason, results such as
that of eqn. (2) are inapplicable, in general, to the unsupported case. In the present charge
transfer unsupported situation, we deal with faradaic conduction for the reacting species.
As Grahame pointed out long ago, a faradaic process is one which allows a continuous
current to flow!!. Thus, when such a process is present one would expect that the
appropriate equivalent circuit would have to contain a frequency-independent resistive path
between electrodes. The circuit of Fig. 1a contains no such path nor do most previous
equivalent circuits for partly blocking electrochemical situations. Such a path, represented
by a resistance Rp, does arise naturally, however, as part of the present theoretical
treatment®. A typical situation might be that represented by the cell AgiAgF(aq.)Ag.
During one half cycle of an applied sinusoidal potential, Ag* is created at one electrode and
the discharge process Ag" + & — Ag occurs at the other. During the next half cycle, these
processes are reversed.

Let us now define g, =1 + (rp/2) and g, =1 + ("'n/2) and take p, and r; as the
bulk concentrations of the positive and negative mobile charges. In a neutral bulk region,
electroneutrality requires zppj = zynj. Theory for the unsupported situation leads, for a
sihgle working electrode, t0®>7 where D, = (RT/Fz,)uj, and we have written (zy#7; + zppi)/2
rather than zyn, or zpp, for the sake of symmetry.

A =( fiz)(gl;—gfn )2(znni'21~2ppi) [(zple +zni)n) (_21:+ i)]—% @)
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For’external Warburg behavior let us hereafter take, for example, positive charges
blocked, negative charges free to react. Then gp = 1 and usually g, >> 1. Thus, the term

e — g,n)/gpgm]2 will be very close to unity and may frequently be neglected. When z, =
Zp = ze, the above result simplifies appreciably and we obtain

i f2eFP\[1 1T %
A Z2———— ) —+ — @
RT /LD, D,

where c¢; is the common value of p, and r; in this situation. Although this result shows some
similarity to that of eqn. (2) with lvgl = lvg | = 1, appreciable differences are apparent. Let
us now also take Dg = DR =D = Dy = Dy, cg = CR = Cj, and ze = n. Then both (2) and (4)
lead to the often used expression

A ' =n?F?cnN/D[2IRT )

Note, however, that the c¢; appropriate for the unsupported binary situation is defined in

the bulk, 7ot at the reacting electrode as required by Vetter!? for the usual supported case.
Next, since it is necessary that 7, << 1072 for external Warburg response in the

unsupported situation (0, ry; T, 723 0, M), Dy, << Dy and eqn. (3) reduces to

\/iznzen)(g —g 2 Yo
Ayt g( p(ce “) 8p,D
° RT Ep&n PR ©
where
8p =(1 +7) ! =zp/(zp +2n) @)

Note that no Warburg response occurs when rp = ry and thus (gp — gn) = 0. Appreciable
response thus requires rp, >>rp, orrp, =>ry.

Finally, appropriate equivalent circuits for the unsupported situation will be
considered for the case of two identical, plane parallel electrodes. Define the basic
normalized frequency §2 as £2 = w7p, where the dielectric relaxation time 7p is given by
CgRoo. Roo has already been defined and Cg = €/4nl for two idéntical plane parallel
electrodes’ 6. Here € is the dielectric constant of the basic bulk material in the absence of
mobile charge. The quantity 7p is intensive (not a function of /) just as it should be.
Obvious changes in the magnitudes of the intensive circuit elements may be made in order
to transform the present results to a single working electrode situation. When plane parallet
electrodes are not employed, Cg and R, may either be calculated for the actual geometry
used or be measured directly, if practical, at sufficiently high frequencies that these
elements dominate the overall equivalent circuit of the cell, Le. £2 > 0.1.

For an external Warburg case such as (0, 7p; Tm, 7z; 0, M) with rp >> 1, M >> 102,
and 7, M < 1, it has been found” that the overall cell impedance shows approximate
Warburg behavior over an appreciable frequency span contained in the range 10M 2 <
(2/7m) < 1. For §2 < 10 mnM 2, the overall parallel capacitance of the circuit, Cp,
saturates at the very high limiting value Cpo = Cg + Cjo =>> Cg, where a general expression
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for Cjp has recently been given®. For the range 10my, < 2 < 0.1, on the other hand, the
capacitative element of Zj, Cj, maintains an essentially constant plateau value, Cjg, given in
the plane parallel electrode case by~

Cis = (M\/E, — 1)Cp = M/B,Cy = (e/8m)[4nF 2,2 pi/eRT1™ ®)

The total parallel capacitance Cp only remains at the value Cpg = Cy + Cis gM\/B-i,Cg over
the range 107y < Q< (10M/65) ™", however.

Now it turns out! ¢ that for the complete blocking situation (rp =rn = 0) the low
frequency limiting value of C; is Cjo = (M — 1)Cg, so'that Cpo = My is just the ordinary
double-layer capacitance of two interface regions in series (two identical plane parallel
electrodes). For my, << 1072, M >> 102, and Q2 outside the low-frequency limiting region,
there is a transition from C)p to Cijg = (M\/6_p — 1)Cg, the same value as found above. In 1
addition, Cp again remains at the plateau value Cpg in the region 10my, < Q< (10MV/6,) 1
which may be appreciable when 7, M << 1, then finally falls toward Cg for 2 (M/6,) .
In the plateau region the results are independent of the value of r, (insufficient time for
electrode reactions involving the low mobility negative charges to manifest themselves) and
thus of whether charges of both signs are completely blocked or not. An approximate
equivalent circuit for this region is shown in Fig. 1b. It applies for both (0, 0) and (O, ry)
cases when 7, M <X 1. In the present 7, << 1 case, the plateau value Cpg may thus be
considered the effective double layer capacitance rather than Cpg.

The necessary resistance Rp connecting the two electrodes in the r; > O case'*®>7
has been omitted here since it is always very much greater than R_, in the present case
when n;, << 1072, Note that the bridging capacitance Cg appearing in Fig. 1b should also
appear between the two electrodes in Fig. 1a. It has customarily been omitted from circuits
of this type?, although it is of crucial importance in the high frequency range £ > 0.1.

When the exact expression for Z; given earlier® is simplified’ for the external
Warburg range and combined with the exact equivalent circuit of the situation®°°, one may
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Fig. 2. Approximate equivalent circuits for the binary-charge-situation in the external Warbuig
frequency region.

derive two good approximate circuits for this frequency range in the unsupported case”.
These almost equally valid circuits are shown in Fig. 2a and 2b. The Warburg impedance
present in these circuits involves, for two identical plane parallel electrodes, the Ao~ given
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in eqn. (6) divided by two, to high approximation. Further, the elements Cgp and Rgg are
frequency independent to good approximation over most of the external Warburg range. In
the first of these circuits Rp has cancelled out almost completely in this frequency range;
in the second circuit it has been neglected compared to the usually much smaller
[Roo + Rgs]. A slightly more accurate version of the circuit of Fig. 2a involves Cgp
connected between the left electrode and the left terminal of R __ (compare Fig. 1a). When
M << 1, the usual case of interest, the magnitude of the impedance of Cgp is so much
larger than R, in the external Warburg region, however, that the connection shown is
adequate.

Comparison of Figs. 1a, 2a, and 2b yields some interesting conclusions. First, it is
clear that an appreciable parallel capacitance, such as the double layer Cg of Fig. 1a and a
series reaction resistance, such as the Rg of that figure, do not appear together
simultaneously in the same equivalent circuit for the unsupported Warburg case. It is an
either/or situation.

The new quantities Cgp and Rgg are of particular interest. Let us consider their
frequency-independent approximate constant values, Ccp and Rcg, in the Warburg region.
First, these quantities are not independent but are connected by the relation

Rcs =—2A0%Ccp ©)

where, for two identical plane parallel electrodes, 44 here is twice that following from eqgns.
(3) or (6). One then has the rather shocking result that Ccp and R¢cs cannot both be
positive simultaneously!

It further turns out that Ccp and Rcg are made up of the difference of two
frequency-independent terms. When r;, = o (infinite reaction rate), one of these terms dis-
appears, since it is approximately proportional to g~ ', and

Ccp = 5p2(M — I)Cg (10)

Note that §p = 0.5 when z, = zp. It is clear that when M >> 10?, Cgp = Ccp is essentially
intensive, as it should be to be associated just with interface processes. It is not¢, however,
equal to the r = rp = 0 double-layer capacitance, either MCg or Cps. Now the
corresponding Rcs, appearing in the circuit of Fig. 2b, although also intensive is negative
for this situation (of course the total series resistance of the Rgg branch is never negative).
A good approximate expression for Rcg applicable for r, =0 is

Rcs=— (aplsnM'"m)Reo (11)
where
dn=1-8p=(1+7m7 ') ' =z4/(zp +2y) (12)

Note that IRcs can greatly exceed R, if mpy M << 1.

Finally, it turns out that at r, = (26 ,M/3p) the two terms of Rcs and C¢p are
equal and opposite; Rgg and Cgp thus remain very near zero over a very appreciable
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frequency region; and, in this region, the overall impedance shows very nearly ideal
Warburg response when the small effect of R_ has been removed. Usually, such ideal
behavior is expected to occur for infinite reaction rate (Rg = 0; rp = ==). Here, it occurs
instead at Rgg =~ O but at a specific finite rate!

On the other hand, when 100 K rp, << 283,M/8p, the second term in Res and Cep
becomes dominant. Surprisingly, this term is extensive, not intensive. When it is strongly

dominant

Rcs = 2R _[mTmrn (13)
and

Cop = —2M?85,8,Cg/rn 14)

Note that Rcg can easily be much larger than R, and that ICcp!l can be much larger than

MCg or JgpMCg. When r,<< 26,M/8p, so the second term is dominant, it may be difficult
to separate R_, and R__ + Rgs = R_, + Rcs, since Rgg will depend on / and concentration
exactly as does R, itself! Separation of R__, and Rgg can, of course, be accomplished
through measurements at £ > 0.1 where only R, and Cg are important. Alternatively,
since Rgg decreases rapidly in the C,g plateau saturation region, R, can also be obtained
from measurements in the range 2 >> m,, as well (see Fig. 1b).

It is believed that the present theory®>7 may explain a large body of experimental
measurements on binary charge systems. While it is 225t pertinent to make detailed
experimental—theoretical comparisons here rather than in ref. 7, it is worth mentioning, as
an example, that the general extrinsic theory® and perhaps some of the results of the
present work may explain most of the recent impedance results of Armstrong et al.!3 on
sodium S-alumina. Their probable application to earlier f-alumina work'?, not cited by
Armstrong, has already been considered'®. Armstrong suggests that the effective surface
area of his rough-disc samples was 10* to 10® times geometric and increased by about a
factor of ten from 150 to 300 °C. While variation of surface area much greater than
geometric with temperature may indeed have played a role in leading to Armstrong’s results,
it seems more likely that much of the apparent larger area and its temperature dependence
may instead be associated with more nearly geometric area and a large Warburg-type pseudo-
capacitance, which, in fact, can increase strongly with increasing temperature®-!5.

In summary, in the unsupported binary electrolyte situation: (a) The conventional
Randles equivalent circuit is inapplicable. (b) External Warburg response only occurs if
charge of one sign is blocked or is almost blocked and charge of the other sign reacts
appreciably at an electrode but has much lower mobility than that of the blocked charge.
(c) An apparent double-layer capacitance and an apparent reaction resistance must not
appear simultaneously in the same equivalent circuit. (d) The apparent double-layer
capacitance is always algebraically less than the true double-layer capacitance and may be
large and negative. (e) The apparent reaction resistance may be positive or negative and may
be appreciably larger in magnitude than the solution resistance R_.. Further, since it is
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extensive and proportional to R_, when large and positive, it may easily be confused with
R__. And, finally, (f) ideal Warburg response does not occur at an infinite reaction rate.
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