


Table 3 Results of general method using Pearson’s data with York’s weights

¥ =0y + ayx)

(1) Single Precision (4 = 10™%)

Iteration oS aS J
Number 1 @2 . - da, = da, ]
0 5-3961 —0-46345 11-9564 42 x 107° -1 x 101 ]
1 5-3982 —0-46388 11-9520 9:3 x 1074 1:0 x 10!

2 5-4775 —0-47998 11-8665 1:0 x 107! 83 x 107!

3 5-4799 —0-48053 11-8664 1-8 x 1074 1-4 x 1073

4 5:4799 —0-48053 11-8664 1-:3 x 107° 4-4 x 10710 ]
(2) Double Precision (4 = 107%) ]
Iteration a » s § a_s

Number 1 2 ' Oa, ? ba,

0 5-:3961 —0-46345 11-9564 42 x 1073 1-1 x 10t

1 5-4774 —0-47995 11-8665 1-1 x 107! 88 x 1071

2 5-4799 —0-48053 11-8664 2:0 x 1074 1:5 x 1073

3 5-4799 —0-48053 11-8664 50 x 1071° 47 x 107°

(3) Estimates of the standard deviations

Deming s, = 0-361 ., = 00707 s, = 1222

General Method 5., = 0-252 o, = 0:0496 s, = 1218

derivative values of S given in the table that the least squares
minimisation conditions are poorly satisfied by the Deming
results. Note the ~40%; decrease in s,, in going from Deming’s
parameter standard deviation estimates to our present estimates.

Table 4 indicates the number of ‘iterations’ used by various
procedures to achieve the least squares solution. We place the
word ‘iteration’ in quotes as a caution in the examination of
Table 4, since each separate method uses a different iteration
scheme. The table gives only a subjective comparison of con-
vergence speeds. Southwell’s iterative method does not con-
verge at all in this case because his formula for éx was derived
without the use of the necessary second partials. He does obtain
the correct solution in his own work, however, when he

. 0S8 .
eliminates x; from (1) by solving = 0 exactly. This can be

done only when one has a model which is linear in the indepen-

Table 4 ‘Iterations’ required to achieve minimum sum of
squares, S, for Pearson’s data with York’s weights

=0 + 0%

METHOD NO. ‘ITERATIONS’
Southwell Did not converge
O’Neill 148
O’Neill (Aitken) 13
General Method with Exact Derivatives
(Single Precision) 148
General Method (Single Precision) 4
General Method (Double Precision) 3
Minimum S = 11-866353
a; = 54799
a, = —0-48053
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dent variable (the case Southwell considered).

In order to compare our method directly with that of O’Neill
et al., we programmed their algorithm (with the omission of
their orthogonal polynomial expansion) for the CDC 6400. For
the present straight-line model, the O’Neill algorithm run on
the 6400 gave the same parameter estimates and sum of squares
as those quoted by O’Neill et al. (for the ICT 1905 computer)
at 125 iterations and also at 148, where convergence was
reached. Thus, it appears likely that the orthogonal poly-
nomial modification actually used by O’Neill et al., makes no
difference in the number of iterations required for convergence,
and it seems clear that there were no important errors in either
the original numerical work of O’Neill et al. or in our realisa-
tion of their method for the CDC 6400. Using Aitken’s
accelerative process, O’Neill et al. get convergence with 13
iterations. In our tests of the O’Neill et al. method, we found
that the use of the Epsilon Algorithm (Macdonald, 1964) after
every five steps produced convergence with only 10 iterations.
Our present method does not need accelerative techniques since
convergence typically occurs very rapidly.

Table 4 shows not only that the present general algorithm
exhibits exceptionally rapid convergence but also that when it
is used with exact analytical derivatives rather than with the
special approximations of equations (17), it requires exactly
the same large number of iterations as does the O’Neill et al.
method. Further, even when conventional approximate
derivatives (without the x incrementation implicit in our use of
equations (17)) are used in the general method, one finds that,
for a judicious choice of A4, = 4,, again 148 iterations are
required for convergence. These results make it clear that
indeed the gain in convergence speed in the general method
arises completely from our unconventional derivative approxi-
mations. A full theoretical analysis and justification of
our approach has recently been carried out (Jones), which
completely supports our present claims. As already stated, the
exploration of (x, &) space in the present method compared to
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Table 5 Results of general method using Pearson’s data with unity weights on both X and Y

(y = a; + opx + o3x? + oyx°%)

(1) Single Precision (4 = 1077°)

. Iteration
Number 4 @ a4 s
0 5-9988 —1-0050 0-15706 —0-01372 0-48677
1 6-0304 —1-0049 0-15255 —0-01319 0-48539
2 6-0152 —1-0000 0-15258 —0-01325 0-48515
3 6-0153 —0-9998 015247 —0-01324 0-48515
(2) Double Precision (4 = 1077)
: Number s
Iteration 4 22 s 44
0 5-9988 —1-0050 015706 —0-01372 0-48677
1 6-0151 —0-9997 0-15242 —0-01324 0-48515
2 6-0153 —0-9998 0-15247 —0-01324 0-48515
| (3) Estimates of the standard deviations
Deming s, = 0361 s, = 0-404 Sg, = s,, = 00113 54 = 0-2848
- General Method 5, = 0-265 S,, = 0298 Sgy = 5., = 0-0080 s, = 0-2844
" Table 6 Results of general method using Pearson’s data with unity weights on both X and Y
(y = a; + 0rx + a3x? + o,x> + asx* + agx°)
Iteration
Number a, a, a; a, as ag S
0 5:924 —0-7407 0-02688 —3324 x 107® 2692 x 1073 —3-208 x 107¢ 0-45300
1 5911 —0-5813 —0-1014 0-03377 —1925 x 1073 —1-102 x 107* 0-45035
2 5916 —~0-6168 —0-06605 0-02114 ~5272 x 107> —2-083 x 107# 0-45034
3 5916 —0-6116 ~0-07134 0-02302 —3:298 x 107% —1-939 x 107¢ 0-45033
4 5-915 —0-6019 —0-08157 0-02677 —8:950 x 107* —1-640 x 107* 0-45033
5 5-915 —0-6038 —0-07962 0-02607 —7-899 x 107* —1-695 x 10™* 0-45033
6 . 5-915 —0-6034 —0-08011 0-02624 —8163 x 107* —1-681 x 107* 0-45033
7 5-915 —0-6035 —0-08001 0-02621 —8110 x 107% —1-684 x 107% 0-45033
8 5-915 —0-6034 —0-08003 0-02622 —8121 x 107% —1-683 x 1074 0-45033
9 5915 —0-6034 —0-08002 0-02621 —8118 x 107* —1-683 x 107* 0-45033
0 5915 —0-6034 —0-08003 0-02622 —8119 x 107* —1-683 x 107* 0-45033
Estimates of standard deviations:
Say Sa, Sa, Say Sas Sae Sq
Deming 0-416 1-38 1-30 0-465 0-0714 0-0038 0-3366
General
Method  0-288 1-20 1-17 0417 0-0623 0-0033 0-3355
only a space in all other approaches, leads to a compensation
. of most of the error (which is not actually negligible, in general, =~ Table 7 P-} data
. as originally assumed) arising from the omission of the matrix
* C from the basic partitioned matrix G. This conclusion is made ¢ X, Y, i X; Y;
! particularly plausible by the character of C, which itself directly
_involves (x, «) space and is the only object in the analysis to do 1 1-0 26-38 8 80 23-50
so except our unconventional derivatives. Crudely, what we 2 2.0 2579 9 9-0 23-24
omit whep we ignore C we restore when we use generalised 3 3-0 25:29 10 10-0 23-00
(x, &) derivatives. 4 40 24-86 11 11:0 2278
Table 5 presents the results of applying our method to a cubic 5 5.0 24-46 12 12-0 2258
model using Pearson’s data with unit weights of both the X; 6 6-0 24-10 13 13-0 22-39
and Y, For the same problem, O’Neill et al. needed nine 7 7-0 23-78 14 140 22-22

. iterations for approximate convergence using their mixed
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Table 8 Results of general method using P-V data and ME; model (Macdonald, 1969; Macdonald and Powell, 1971)
y=a0+ op03%) " Vaz)

e

Iteration
Number a, a, as S
)
1. wy,,=10,w,, =0 (Ordinary least squares) ]
0 27-1125 33-7661 6:60017 0-0012872
2. wy, =10,w, =10, Single Precision, 4 = 107% ]
0 27-1167 33-6446 6-62096 0-0011444 ]
1 27-1167 33-6427 6-62122 0-0011444
3. w,, =002,w, =10, Single Precision, 4 = 1074
0 27-1544 33-5720 6-80419 0-012639
1 27-1549 32-5607 6-80542 0-012616
2 27-1549 32-5620 6-80524 0-012615
3 27-1549 32:5618 6-80526 0-012615
4. w,, =0,w, =10, Single Precision, 4 = 1074 %
0 27-1546 32-5663 6-80517 0-012708 !
1 27-1555 32-5478 6-80732 0-012685 J
2 27-1555 32-5481 6-80729 0-012684
5. Estimates of standard deviations
sa; sa; sag Sq
w,, = 1:0,w,, =0 Deming 0-0178 0-511 0-0949 0-0108
*GM 0-0125 0-359 0-0666 0-0108
w,, = 10, w,, =10 Deming 0-0193 0-535 0-0966 0-01020
*GM 0-0136 0-377 0-0680 0-01020
w,, = 002, w,, = 1-0 Deming 0-0296 0:667 0-0997 0-03390
*GM 0-0223 0-503 0-0747 0-03387
w,, =0,w, =10 Deming 0-0297 0667 0-0997 0-03399
*GM 0-0214 0-483 0-0720 0-03396

*General Method

method (direct plus Aitken). The present method with exact or
conventional approximate dcrivatives required 142 iterations
instead of the two or three required with unconventional
derivative approximations. Table 5 again shows a decrease of
35 to 40% in the s,’s in going from Deming’s estimates
to our present estimates. In this example and in most cases we
have examined, however, the actual parameter change, 4a
= |(ar)| — (ai) General Method has been found to be less than
(S¢,) General Method. Thus, although our procedures assure us
of a least squares solution, the results obtained are generally
not very significantly different from Deming-method results if
linearised s, values can be trusted. With this last proviso,
we may also conclude that a cubic is a poor model for
Pearson’s data. For k = 3 and 4, |s,,/a,| > 0-6, showing that
a; and a, are ill-defined and not very significant.

Table 6, a quintic model, indicates that although the sum of
squares, S, may stabilise quickly, occasionally it takes several
more iterations to produce stability in the parameters. For this
model, however, |sq,/a,| = 2 and similar ratios for k > 2 are
even much higher. Thus, here only one parameter is significant,
and a quintic model is an extremely poor choice. The increase
in s4 from 0-284 for the cubic model to 0-336 for the present
quintic is further confirmation of this conclusion. Although a
quintic would not be an acceptable model for the data used,
the results are included to demonstrate convergence.

Table 7 gives some actual pressure-volume data. This is a
preliminary, heretofore unpublished data set on Kr obtained by

C. A. Swenson and M. Anderson (private communication)
In Table 8, we present the results of assuming a three-para-
meter nonlinear model and using the data of Table 7 with four
different weightings. Here all three parameter estimates appear
to be highly significant. We have presented them to consider-
ably more figures than the s, ’s warrant to show how the iter-
ations proceed. Again the 4a,’s are insignificant, but we see that
different weighting can result in very significant changes in
parameter estimates.

6. Summary and conclusions

Curve fitting using data with errors in several measured
variables frequently must be performed, often with strongly
nonlinear models. We have presented a computer-oriented
general iterative method designed to find least squares solutions
without the necessity of user-supplied derivatives. In practice,
we find extremely rapid convergence whenever ordinary non-
linear least squares (using, for example, the Marquardt
algorithm) converges. As always in nonlinear situations, it is
necessary sometimes to use starting guesses for parameters
which are so far removed from the least-squares results that
either convergence is not observed or it goes to a local minimum
of the response surface. We recommend that in difficult cases
the problem first be solved by ordinary nonlinear least squares
(with w,, = 0 and w, arbitrary or unity), then the resulting
estimated parameter values be used as starting guesses in the
Deming algorithm (with w,, and w,, specified from the experi
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'mental data), and finally the Deming results be used as starting
- guesses for the present algorithm. Further, in some experiments
with synthetic, highly accurate data, we found that the values
“of 4, and 4, in the calculation of derivatives had to be chosen
extremely small (e.g. ~1071%) to obtain convergence. Using
real data, however, we have not encountered such problems.
« Our method is somewhat heuristic because of the great
_difficulty in performing numerically what ‘exact’ theory would
“demand. Comparison with previously reported general least
. squares procedures leads us to believe that the present method
is more than competitive. We concur with O’Neill ef al. in their
«conclusion that Deming’s method will often provide adequate
results without further calculation. Our iterative scheme,
‘however, almost always produces a reduction of 10 to 409 or
 more in parameter standard deviation estimates when com-
-pared with ordinary linearized estimates, along with a lower
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‘Book review

« Numerical Initial Value Problems in Ordinary Differential Equations,
by C. William Gear, 1971; 253 pages. (Prentice-Hall, £6'50)
¢ This text has 12 chapters on: 1, Introduction (and Euler Method);
2, Higher order one-step methods; 3, Systems of equations and
¢ equations of order greater than one; 4, Convergence, error bounds,
and error estimates for one-step methods; 5, The choice of step size
and order; 6, Extrapolation methods (of Bulirsch and Stoer, etc.);
7, Multivalue or Multistep methods—introduction; 8, General
' multistep methods, order and stability; 9, Multivalue methods; 10,
, Existence, convergence, and error estimates for multivalue methods;
" 11, Special methods for special problems (mainly stiff equations);
. 12, Choosing a method.
The treatment is in general good especially in the more practical
( Chapters 5, 6, 11 and 12. Complete FORTRAN routines are
described and given for fourth order Runge Kutta with automatic
: step-length control, and for a variable order, variable step-length
multivalue method with optional provision for stiff equations. A
 FORTRAN version of Bulirsch and Stoer’s ALGOL procedure is
' also given. These large programs are photographically reproduced
{ from computer printout. Smaller programs are type-set and much
| easier to read.
ii The discussion of one-step methods is shorter than that of Henrici
(1962), but all the essential theoretical points are covered.
Multistep methods are treated from the less familiar multivalue
I point of view (Gear, 1967), although this is scarcely used in Chapters
6 and 7. These multivalue methods are exemplified by the finite
difference and Nordsieck forms which are equivalent to the Adams-
| Bashforth-Moulton method. The stored quantities at each step are
i linear combinations of the usual y, and f(yr, tr) but the same approxi-
mating polynomial is used for all equivalent methods. Possible
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advantages are economy of arithmetic, especially when changing
step length, and that the method may depend on a smaller number of
previous steps, since the k stored values may approximate y, and
f(r, ty) for 0 < r < ((k — 1)/2). Methods investigated include
those using a fixed number of corrector iterations, as well as iter-
ation to convergence. The only particular multistep or multivalue
methods discussed are those of Milne and Adams-Bashforth-
Moulton.

Chapter 10 includes a host of theorems relating the root condition,
stability, consistency, convergence and asymptotic error form. The
Dahlquist theory on the maximal order of stable multistep methods is
also given. I did not find this theory easy to understand, partly
because the author treats systems of pth order equations involving
(p — q) other derivatives, necessitating norms involving these two
suffices, and partly because he does not always make clear exactly
how the steps in the proof follow from the given hypotheses.

Rather than the usual one used by Gear, I prefer the (to me) more
obvious definition of consistency of order #, for a pth order equation:
Za; 2t kP — X By f(z(tn—i) ta—i)

=z (1) — f(z(tp), tr) + OCh").
The requirement that &' 8; = 1 and the index of the order 4 term are
then automatic.

Very many stability concepts—asymptotic stability, absolute and
relative stability regions, stiff A stability, and several others—are
introduced and clearly explained. Figures 11.2 and 11.3 illustrate the
difficulty of solving stiff equations, and the advantage of the back-
ward Euler method very well.

I noticed rather more than the usual number of misprints, and in

Continued on page 169
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