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Even describing the arrangement of particles becomes more
difficult as the number of different types of particles increases;
one has more questions to answer. What do things look like in the
neighborhood of a type-4 particle, a type-B particle, etc.? Even a
single question becomes manifold; in the neighborhood of a type-
A particle, where are the closest type-A neighbors, type-B neigh-
bors, etc.? If the complexity of the description increases rapidly
with number of components, the difficulty of theoretical pre-
diction may increase even faster. Although an adequate picture of
the arrangements applying in the actual compact layer is our
ultimate goal, we will do well to understand a simpler system,
where a single species of ion is present on the surface and the
effects of further adsorbed species, such as solvent molecules, are
either ignored or perhaps crudely accounted for. After we have
obtained a better insight into this idealization, we will be in a
better position to discuss the actual system with its additional
complexities. This plan is not overly cautious; even the idealized
problem has thorny aspects, and no one has obtained a clear
picture of the arrangement even in a one-component system under
the most general circumstances. There are general statistical
mechanical principles which apply, of course, but such principles
alone do not always give a clear picture of the situation. One
must usually augment these general laws with the knowledge of
which approximations to apply, this knowledge usually proceeding
from a fairly adequate intuitive grasp of the situation. It is this
intuition which is most difficult to achieve in the present system.
The usual practice, in view of these difficulties, is to make
analogies with things we understand and have developed arith-
metical procedures to cope with. Thus, we may begin by assuming
that the compact-layer ions arrange themselves on a regular
array as in a solid, an arrangement of great simplicity and famili-
arity, and then test this hypothesis by estimating whether or not
the disruptive influence of thermal motion is sufficient to sensibly
destroy this arrangement. Other authors have sometimes chosen a
different starting guess, such as an almost random arrangement,
Fhe interactions being considered as small perturbations which
inflict slight regularity upon the otherwise uncorrelated particles.
This procedure too is an analogy with a familiar system, i.c.,
with weakly nonideal gases. Yet another guess is that the system
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is highly ordered by short-range steric forces within short dis-
tances, but that at further distances the departures from random-
icity of arrangement induced by the other interactions are small
enough to be considered once again as a perturbation. Again,
this starting point is tantamount to drawing an analogy with
ordinary liquids. Later in this article we will indicate why the
present system is not well described by any of these analogies,
either as a two-dimensional quasi-solid, quasi-gas, or quasi-
liquid.

At this point it should be clear to the reader from the diversity
of description which we note above that there is much to be
desired in our overall understanding of the compact layer. Much
of the published work on this subject employs one of the foregoing
models—this is one of the major sources of difference among the
various treatments. Too few workers have been sufficiently con-
cerned with determining the appropriateness of the models
employed, and too often a physical picture of what is happening
is not provided. In our own work, which is not always free of the
foregoing shortcomings, we have generally taken the regular array
model as our starting point, a procedure which we repeat here.
In the next few sections, however, we will attempt to examine the
adequacy of this model as completely and carefully as is practical.
Not only do we wish to be exempt from our own criticism above,
but also there is much one may learn from such an exercise. After
we have established the limits of validity of this model, we will
consider alternatives when appropriate. Before embarking on
this program, however, we shall illustrate what differences are
to be expected following from different postulated arrangements
in the compact layer.

Consider a system in which nonpolarizable ions are adsorbed on
an ideal polarizable electrode, and assume that they form a
mobile adsorbed layer and that there are no additional species in
this layer. We shall determine the potential for such a system
assuming first that the only correlation between the positions of
different ions is that induced by a steric hard-core repulsion
between ions; the distance of closest approach between ion
centers is denoted by r,,,. Next, we obtain the potential for an
alternative situation where the ions are arrayed on a regular
hexagonal lattice. It is the comparison between the results
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obtained for these two different types of ionic arrangement which
will provide a measure of the importance of ordering in the
compact layer.

In Section II-5 of this article we discuss how the diffuse layer
alters the potential in the inner region. However, for our present
purposes of demonstrating how ordering may affect the system,
it is simplest to avoid the further complexities brought about by
the diffuse layer, and so we shall here make the incorrect assump-
tion that the diffuse layer plays no role in producing and in-
fluencing potentials in the compact layer. Accordingly, the
results we obtain here are only illustrative of the general depend-
ence of various system quantities upon ordering.

Under the above conditions, the potential in the compact layer
arises only from the adsorbed ions and the charges on the electrode
surfaces. In fact, if the electrode is a conductor, its surface is an
equipotential; the potential anywhere in the compact layer may
be determined from a knowledge of the ion positions and the
average electrode surface charge density by means of the familiar
method of images. According to this method, the potential in
general consists of two contributions: The first is the potential
arising from the adions and their electrical images in the ESP
(the images therefore lie on the plane z = —f); the second
contribution is a linearly varying potential, or uniform field part,
¥,(z), arising from the excess charge density on the electrode.
This excess charge density is the amount by which the average
electrode surface charge density differs from that required to
establish the field of the fictitious images. In the present C-0O
single-imaging case, where the only imaging plane is the ESP,
this excess charge density is given by (¢ + ¢,); thus, the uniform
field potential is given by y,(z) = —4n(q + ¢,)z. Remark that
for the present situation there is no electric polarization in the
compact layer, and therefore, there is no necessity to consider a
dielectric constant here. In the remainder of this discussion we
simply set ¢ = —g¢,, corresponding in this case to grounding the
ESP, and therefore we may eliminate further consideration of y,
in what immediately follows.

If we neglect electric multipole moments, permanent and
induced, of the adsorbed ions, then the surface-averaged potential
in the compact layer is independent of arrangement. It is in fact
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identical to the potential one would have if the actual ions were
evenly smeared over the THP—this conclusion incidentally is
indepe}'ldent of the role played by the diffuse layer. The average
potential one obtains is given by V(z) =4nzeNzfor0 < z < 8;
fm: z > B the potential is the constant V, = 4nq,8. How doe;
this compare with the time-average local potential seen by any
partu.:ular lon arising from all other ions and their images? (We
shall ignore the potential arising from the self image of the selected
i9n, as this is independent of arrangement and thus can be con-
sidered as a “chemical” addition to the adsorption energy, for
example. It thus does not add anything to the present discussi,on.
Whep potential is measured with reference to the bulk of the
solution, this quantity, the micropotential, does depend on ionic
arrangement even in the present case of zero «.

For the first arrangement of ions, the local potential y,(8) is
that arising from a uniform surface charge ¢, on the IHP gxcept
for a circular vacancy (about the given ion) of radius r,,,; the
image of this IHP charge likewise possesses a circular Vacafrnlz:y of

the same radius. It is straightforward to show that the potential
for this case is given by

Vo) = 2nq{[48% + 12,112 — 1.}

= Vil + R}, 1Y% — Ry, }2 (6)

where R,, =r,,./8. We see that the potential y,(8) differs from
the average potential at the IHP, the macropotential, by the
constant factor {[4 + R% 1Y% — R, }/2. It often happens that
mtera?tlons other than steric effects cause R,,, to be larger than
one might think. In fact, we sometimes may set K2, > 4, obtain-
Ing v,(f) =~ Ry, ; the micropotential is then smaller than the
macropotential by the factor R}, which by hypothesis is much
smal.lel.' than unity. Let us now compare this result with that
obtaining for the hexagonal array. For this case the potential is
roughly that of a hexagonal array of ideal dipoles, each of dipole
moment 2z.f, at a position removed from the plane of the

d}poles by.the amount f. Carrying out the necessary sum over
different dipoles in the array, we find

Va(B) == 189:82NV2 =~ 3Ry (7)
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Thus, for this case the ratio of y,(8) to v, is not even constant
with surface density N. It is similar to the first result except that
7., has been replaced with the variable 7,. Incidentally, this is
our first example of the fact that an array produces the same sort
of micropotential as a uniform sheet with a circular vacancy of
radius more or less equal to r;. This is a fact which we will use a
great deal later on.

In the preceding, we have had an example of how a local
potential may be drastically affected by arrangement, a detail of
the system structure. This particular local quantity, wu,(8),
essentially the micropotential, has a great influence on system
properties, insofar as it determines the equilibrium density of ions
adsorbed under given conditions. The reader may still be left with
the impression that we have cheated a bit, that we have delib-
erately chosen to examine that local quantity most likely to
influence the system as a whole. He might say, “You show the
micropotential is sensitive to structure, but once you tell me ¢,
I have no further need for the micropotential. How then can one
assert that, given ¢,, the system properties are sensitive to arrange-
ment?” As an exhibit that not only local potentials but also
average potentials might be dependent on inner-layer structure,
we consider a variation on the previous example. This time we
let the ions possess a polarizability «. Under this condition the
average potential for all z > g is given by V =y, + 47Naé,
where ¢ is defined as the electric field acting to polarize a given
ion. It is through the dependence of & upon arrangement that
the average potential becomes structure sensitive. We shall
examine the case of no correlation for r > r,,, and hard-core
repulsion for r < 7y,

The field & at a given ion in this case consists of three parts:
the contribution from the other ions and their images, the contri-
bution from the other induced dipoles and their images, and the
contribution from the image of the given ion and its polarization
P. The first contribution is given by

&1 = E [l + (Rinf2)*]7V2 (8)
where £, = —y_/B. The second contribution may be shown to

be
&y = —2nNPB[R}, (RS, +4)72 + Ry] (9)
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Finally, the self-image contribution is

&3 = (48%) [F'P — z,] (10)
Upon introducing the substantive equation
P=al =a[&, + &, + & (11)

one arrives at the ugly-looking result
Pe —q P¥all + (Rin/2)%] 12 + ze(4p?) 1
U+ 2naNp[RE,(RE, + 4)% = R3] — (T74)
where J = «/f%. Once again invoking R,,, > 2 leads us to
Ve — 4nNa[2p,[fR + z,6/457]
x [1 — (JJ4) + 4ma NIRRT (13)

Perhaps this expression for ¥ is not very illuminating until one
puts numbers into it. It turns out that the factor

[l — (J]4) + 4ma 1R

im

(12)

may become rather small; when this occurs the contribution to
V from the polarization may be appreciable. It is only in the
limit of low surface density that this contribution assumes a
simple form. In this limit we find

V=101 — (2 - (J19)] v, (14)

Now we find the average potential in the array situation,

Once again V =y, + 47 Nad for all z > B. This time one finds,

hf)wevcr, that while &, is the same as before, &L+ 8, is a

different expression: &, + &, —1r73(P + 2z,e6). Employing
the same substantive relation leads to

P —ze(Jj4)[1 + 8RNl + LIRY — (Jj4)] (15)
We immediately obtain
Vi yo [l — ({1 + B8RP + 1IRST — (Jj4)}1)  (16)

Again, the expression we have obtained for ¥V is not very trans-
parent; however, we note that again there is a factor in the
denqmmator which may be quite small. When we take the low
den51t}f limit R, > 2, we find as we should that the expression
for Vis the same as the one found for the random arrangement,
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How is it then that we assert a structure dependence? The point
is that in going to the low-density limit we only consider the
case where the polarizing field is determined almost solely by the
self-image. The structure sensitivity can only exist in the domain
where & is determined by the surroundings of an ion (other than
its self-image). Thus, we find most unpleasantly that the com-
parisons should be carried out in the regime where the equations
are fairly complicated. We therefore resort to a numerical com-
parison for the particular case R, = R,, = 4, J =1 Upon
substituting these values into the exact expressions, one obtains
for the uncorrelated and array cases, respectively, V =~ 0.62y,
and V ~ 0.36y,,. There is thus a 729, change in the inner-layer
potential drop in going from the ordered to the disordered arrange-
ment in our example. The difference between the two types of
arrangement as far as overall potentials are concerned may be
even more than this, but generally it is much less. However, this
example should illustrate how even an average potential may be
structure sensitive. Remark that physically the primary source
of structure sensitivity for such average quantites is the “feedback
term” in Eqgs. 11 and 14 for P. The feedback referred to is con-
tained in such factors as

[ + 4nNaf 'R7L — (J4)]
or

[1 + 1R — (J9)]7

which result from the fact that the system of induced dipoles
produces a field which acts back on the dipoles themselves.
Under certain conditions, this field may be as large or larger
than the field initiating the polarization. When this occurs, the
polarization may grow to a large value, the value very sensitive
to the size of the feedback. In this case, a change in structure would
alter the feedback a bit and perhaps drastically change the
resulting polarization, effective dielectric constant, and average
potentials. (Had we chosen for our numerical example a situa-
tion where J was closer to four, the situation would have been
much more dramatic.)

Having seen that the arrangement of particles in the inner
layer may greatly affect various local and average properties of
that layer, we now return to the main business of estimating the
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degree of order which is actually present in spite of the disorganiz-
ing effect of thermal motion. As stated earlier, our present method
consists in initially assuming perfect order, that is, a rigid
hexagonal array, and then calculating roughly how far away
from its proper site any given ion will typically move at thermal
energies. We remark that the motion we are concerned with is
that of the given ion relative to its immediate neighbors. There
is no meaning to the question of how far it will be able to move
relative to remote ions. In a three-dimensional system such a
question admits of a finite answer; in a two-dimensional system
the correlation between positions of two particles falls off in-
definitely as the separation between such particles increases. We
shall discuss this matter at greater length later in this article.
We note for the present that it is really the motion relative to
immediate neighbors which is the important thing to find any-
way. Only the immediate neighbors have such an influence upon our given
ion that their precise positions relative to it significantly affect system
properties. We have already noted this important fact indirectly
when we remarked upon the approximate equivalence of a
hexagonal array and a uniform distribution with a vacancy of
appropriately chosen radius. It turns out that the approximation
})ecomes quite close when applied to the fields produced by those
ions other than the immediate neighbors. Furthermore, when the
fa.lteration of potential by the diffuse layer is considered, this
1'nsensitivity to relative positions of other than immediate neighbors
1s greatly enhanced over what obtains when the diffuse layer
has no effect. This too will become more apparent later in the
article.

Our present rough criterion for the validity of the hexagonal
structure under completely general adsorption conditions is, in
accordance with the foregoing remarks, the following. Consider-
ing all ions except a given one to be fixed at sites on a hexagonal
array, df:termine the energy necessary for the given ion to move
“apprec}ably” away from its proper position. In all cases,

appreciable” motion is taken to mean some given fraction of the
array spacing 7,. The reason for considering appreciable motion
as a-ﬁxed percentage of 7, is that, ultimately, we are interested in
finding the conditions insuring that thermal motion induces a
moderate fractional change in the local potentials and fields
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acting at any ion. This requires that motion relative to the spacing
7, be considered. There is of course some arbitrariness about the
actual choice of the “given fraction.” It all depends on how much
precision is to be demanded from the hexagonal arrangement.
Clearly, if all predictions are to be good to one part in 10° a
much smaller fractional motion (~10-%) should be used in the
criterion than if one demands only ‘“‘good qualitative agreement”’
for the model. We have chosen the latter demand, implying that
our criterion does not establish where the hexagonal model is
good to one part in 10% but rather where the model is just a bit
better than a model which ignores the coulomb-induced arraying
tendencies of the system. (A much clearer picture of the situation
is obtained when one repeats the calculations for more than one
choice of ““‘the given fraction.” This is done later in this article,
thereby removing much of the unpleasantness associated with
having to make arbitrary assignments.) Having established the
energy U required to move the given ion by the significant amount,
we next compare this energy with £7 for various values of the
system parameters. When the ratio is less than 0.1, the typical
random-model expansion parameter, 1 — exp (—U/[kT) =~ U[kT,
is quite small and may be neglected. Under such circumstances
this random model is quite appropriate. When the ratio U/kT
is greater than 0.1 but less than 1.0, we assert that no clear-cut
array is formed, but that the interactions are progressing from a
domain where they may be considered as perturbations to a
domain where they are too large to be so considered. When the
ratio is about 1.0 or so, we assert that array structure is present,
but that thermal motion exercises a nonnegligible influence of
order exp (—U[kT). This is a difficult regime to be handled
accurately by any model. For a ratio somewhat greater than 1.0,
the Boltzmann factor exp {— U/kT} drops rapidly enough that
thermal motion becomes a perturbation on the basically ordered
arrangement. When the ratio is 2.0 or greater, the Boltzmann
factor suggests that thermal perturbation is of the order of a
159 or less effect and may be ignored. We thus say that for
ratios less than 0.1 the system is random, for ratios greater than
2.0 the system is regularly arrayed, and the crossover takes place

about where
exp (—UlkT) ~ 1 — exp (—UJkT) (17)
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or where exp { —U[kT} ~ }. This crossover occurs when U/ (kT ~
0.7; however, to avoid the false implication that a sharp phase
transition is pictured, we round the number 0.7 to unity thereby
underestimating somewhat the pertinence of the hexagonal
model. It will sometimes happen, as we shall see, that the range
0.1 < UJkT < 2.0 is associated with a very narrow domain of
certain system parameters. When this occurs, there is a more
abrupt transition between the regimes of disorder and array
structure, a diminishing of the significance of the difficult inter-
mediate (transition) region, and a reduction in the sensitivity of
the conclusions concerning validity of one or the other model to
specific arbitrary assignments.

We consider first the artificial situation where only the ESP
images the nonpolarizable adions (the only species present)—
actually this is the circumstance for adsorption from a gas phase
of ions onto a conducting or dielectric electrode. We are interested
in the energy required to move an adion from point 0 to point a’
in Fig. 5. This (and the five symmetrically equivalent directions)
is the direction which presents the softest potential barrier to the
ion, and therefore this is the direction contributing most to the
fluctuation of the given ion’s position. For large enough R,, one
may safely approximate the ions and their images as ideal dipoles
ff)r purposes of calculating the potentials. With this approxima-
tion, the electric field produced by the six nearest neighbors at
point 0 is given by —6(2z,f)/r3. The potential produced by
these neighbors at point 0 in the THP is approximately 12z,8-1R 3.
Arguing that the change in potential from 0 to a’ should be
roughly the same size as the potential at 0 and that the total
potential should be roughly that produced by the six nearest
neighbors alone, we find* for the energy U to move an adion
from 0 to o'

U= 12(z,6) %R = (3V3)27) (z,6) Ry, (18)

N_umerically, U= (4/5)z,tR 'y, ; the agreement with what we
will .dete.rmine exactly in later sections of the article is very good
con51de'r1ng the casual way the calculation was done. The
approximate values of 0.08z,ey_, and 0.162z,¢yp,, for R, =10and 5,

. .
" Both of these assumptions represent an error of about a factor of 2, but
€ errors compensate and our final answer is pretty good.
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respectively, compare well with the correct answers, 0.086z,ey,,
and 0.13z,ey,,. Finally, we find U/KT for T = 300° and z, =1

UJKT = 6600R*/B (A) (19)

Picking § ~ 2 A, our equation tells us that UkT ~ 1for R, ~ 15,
or r; ~ 30 A. The ratio becomes equal to 2 for an R, value only
209, smaller: R, ~ 12 or r ~ 24 A. These values correspond
to very low surface charge densities. To obtain ¢, in practical
units (pcoul/cm?), one may use the numerical relation ¢, =~
1.850 x 10%z,77% (A). For the values r, = 30 A and 24 A, we
therefore find when z, =1, ¢, ~2 pucoul/cm? and ¢; ~ 3.2
pcoul/cm?. In terms of the conventional fractional surface
coverage 0, equal to (N/N,) = (Rym/Ry)?% the above surface
charge densities correspond to 6 = 2-3 %. Thus, for the present
single-imaging case, the situation is very clear-cut. For all surface
densities large enough to be of probable interest, the dominant
feature of the system is its array-forming behavior; the hexagonal
model for this case is excellent except perhaps at elevated tem-
peratures. Incidentally, we see from the very strong arraying
tendencies of this system, even at low surface densities, that if a
neutral species is added to the surface, provided its addition does
not significantly moderate the interaction between ions, then the
relative positions of the ions among themselves will be fixed by the
above energetic considerations, and the neutral species will
simply occupy the remaining space on the surface. Thus, in this
case the solution of the two-component problem follows im-
mediately from the emphatic behavior of the one-component
system. As for the question of the possible moderation of the
interaction by the neutral species, this is an interesting question
which is discussed later on.

If it were not for the diffuse-layer effect upon the potential, our
account of order in a compact layer containing only nonpolariz-
able adions could end here with the decision heavily in favor of the
hexagonal array.* It does not happen that way, however, for
reasons which will only become completely clear in the next sec-
tion. We therefore turn now to considering a closer representation

* We have not actually ruled out the possibility of a different lattice structure
and, as a matter of fact, the square array has only a slightly higher energy.
For single imaging, the difference is 1.5%,, so that the hexagonal arrangement
is only strongly preferred for R; & 4.5 or 7y 9 A, an ion density which for

reasons which will become apparent later is probably unattainable for the
single-imaging situation.
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of the actual situation, that where the OHP maintains itself
as an equipotential surface to good approximation, with con-
sequent effects upon the inner-layer potentials. We shall, of
course, have to borrow certain results obtained later in this
article; however, that 1s all right since we are not concerned yet
with deriving potentials so much as we are with examining certain
consequences of them.

In the C-C infinite-imaging regime, the potential arising from
a given ion and its image in the ESP is very effectively attenuated,
or “screened,” at moderate lateral distances (parallel to the IHP)
from that ion. The potential variation in the IHP is drastically
smoothed, and ions can move over the IHP much less inhibited
by interactions than for the case where screening is absent.
Roughly, the ratio of U, the energy to move the ion from point
0 to point a’, to thermal energy is given for f = y by*

UkT a~ 200 x 10-2R/7 (20)

Again desiring the value of R, for which the ratio equals unity, we
obtain that the crossover condition is met for R, &~ 8, or for
r, ~ 16 A. (A closer estimate actually gives R, ~ 7,orr; ~ 14 A))
Note that the interaction is rising very rapidly, doubling for a
change in R; of about unity. (Again, a closer inspection of the
accurate variation shows that in this range of R,, the interaction
doubles whenever R, decreases by about £.) Since the variation is
so rapid with R,, we seem to have an example of the circumstance
referred to earlier where the transition region is quite abrupt and
the decision as to the pertinence of a given model is insensitive to
arbitrary assignments. In this case, the hexagonal model seems
appropriate for charge densities in excess of about 9ucoul/cm.?
This value of surface charge density which approximately marks
the beginning of the lattice domain is just large enough to be
uncomfortable: It falls within the range of typical experiments,
there.by supporting a lattice model over part of the range and
denying its validity over the remaining part. This is particularly
unfortunate because matters yet to be accounted for—such as
Presence of neutral species in the compact layer—in conjunction
with the sensitivity of our conclusions to changes in system
parameters, might alter this critical surface charge density a
significant amount in either direction and, correspondingly,

* As one might expect, the effect of screening depends upon the value of T';

we .will defer a detailed consideration of the dependence upon this parameter
until Section III of this article.





