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L E T T E R  T O  T H E  E D I T O R  

Physical realizability conditions 

P e 1 z e r 1) ha s  r ecen t ly  cal led in ques t ion  a s t a t e m e n t  in ear l ier  work  2) of t he  pres-  
en t  a u t h o r s  where in  i t  is m e n t i o n e d  t h a t  t he  usual  cond i t ions  for  phys ica l  r ea l i zab i l i ty  
on Q(co), t he  r educed  po la r i za t ion  or  n e t w o r k  func t ion ,  are too  res t r i c ted .  

The  p r i m a r y  a im  of the  ear l ier  work  was to show how the  K r o n i g - K r a m e r s  i n t eg ra l  
t r a n s f o r m  re la t ions  could be de r ived  b y  Mell in t r a n s f o r m s  w i t h o u t  recourse  to  t he  usual  
m e t h o d s  of complex  i n t e g r a t i o n  which  lead d i rec t ly  to  t he  phys ica l  r ea l i zab i l i ty  con-  
di t ions .  I t  was  s t a t e d  t h a t  t he  t r e a t m e n t  was  fo rmal  only.  The  a b o v e  conclus ion  t h a t  
the  cond i t ions  of phys ica l  r ea l i zab i l i ty  are too  re s t r i c t ive  of t he  fo rm of Q(~o) was in- 
t e n d e d  to ind ica te  t h a t  t he  real  a n d  i m a g i n a r y  p a r t s  of Q(oJ) could  be p rope r ly  c o n n e c t e d  
b y  t he  K r o n i g - K r a m e r s  re la t ions  even  when  some of these  cond i t ions  are no t  sat isf ied.  
Th i s  conclus ion was no t  c o n n e c t e d  ~d th  t he  ques t ion  of phys ica l  rea l i zab i l i ty  of t he  
s y s t e m  descr ibed  b y  Q(~o). I t  is u n f o r t u n a t e  t h a t  because  our  ph raseo logy  was unsuff i -  
c i en t ly  expl ic i t  here  Pelzer  was led to t he  conclus ion  t h a t  we were a b j u r i n g  some or  all 
of t he  usual  cond i t ions  of phys ica l  rea l i zab i l i ty  for  a phys ica l ly  rea l izable  sys tem.  In -  
s tead,  we were d i rec t ing  a t t e n t i o n  f rom a fo rmal  v i e w p o i n t  to  a possible class of Q(co)'s 
which  r ep resen t  non -phys i ca l l y  rea l izable  sys tems ,  ye t  whose  real  and  i m a g i n a r y  p a r t s  
sa t i s fy  t he  K r o n i g - K r a m e r s  re la t ions .  

In  l a t e r  work  car r ied  ou t  in the  Spr ing  of 1955, we came  to the  conclusion,  in agree- 
m e n t  w i t h  Pelzer,  t h a t  ou r  exam p l e  of such  behav io r ,  t he  F u o s s - K i r k w o o d  
dielectr ic  a), was i n a d e q u a t e  and  is no t  a m e m b e r  of the  above  class w h e n  it  is r equ i red  
t h a t  b o t h  K r o n i g - I ( r a m e r s  re la t ions  hold.  W e  d id  no t  t h e n  c o m m u n i c a t e  th i s  conc lus ion  
because  i t  f o rmed  a smal l  p a r t  of a m u c h  more  e x t e n s i v e  p a p e r  t h e n  be ing  p r e p a r e d  for 
pub l i ca t ion  4). 

M a n y  cases can  be found  where  one or the  o t h e r  b u t  no t  b o t h  of t he  K r o n i g - K r a m e r s  
re la t ions  hold  for a non-phys i ca l ly  rea l izable  sys tem.  A s imple  example  is g iven  b y  
Q(p) = p, where  p = a + i c o  is a com p l ex  f r equency  var iab le .  Here  Q(~o) =-- lima-~0 
Q(~)  = 0 + ito is n o n - a n a l y t i c  a t  inf ini ty .  As discussed in g rea t e r  de ta i l  in Ref.  4, we 
h a v e  on ly  been  able  to m a k e  b o t h  K r o n i g - K r a m e r s  re la t ions  hold  for some non-phys ica l  
(e.g. non-ana ly t i c )  sys tems  by  us ing  a m a t h e m a t i c a l  art if ice,  and  in general ,  we sugges t  
t h a t  the  above  class is null .  In  Ref. 4, we also discuss the  Fuos s -K i rkwood  a n d  Cole- 
Cole dielectr ics  in more  de ta i l  and  show, as does Pelzer,  t h a t  t he  real  a n d  i m a g i n a r y  
pa r t s  of the  co r re spond ing  reduced  po la r iza t ions  can  be m a d e  to co r re spond  to phys ica l  
sys t ems  sa t i s fy ing  the  usual  rea l i zab i l i ty  cond i t ions  p rov ided  t he  real and  i m a g i n a r y  
p a r t s  of the  ~(co)'s are w r i t t e n  as even  and  odd  func t ions  of o) r e spec t ive ly  by  in t ro -  
duc ing  abso lu te  va lue  signs and  sign (to) func t ions  where  necessary.  
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