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Then K1 is determined by the known (small) value of qtn
shown by the narrow strip in Fig. 6. By use of (76) this
value of K, yields, in turn, the period L.

In order now to obtain the final Mathieu parameter a,
we look for the solid curve in Fig. 7 having (Boo/Bb)2 =0
and passing through point p. In the above example,
such a solid curve would be that for Ka,am =4. This speci-
fies the value of a. Fig. 6 then shows whether or not this
value of a corresponds to a stable region.
Periodic Electrostatic Field
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Bz = Boo = 0

2-7r
V =Vo+AVsin-z;L

and
Vo>> AV

r= WV-1/4

(77)

(78)

(79)

We have then as the final differential equation:

W" + (a. + 2qe cos 2Z)W = - W, [2q, cos 2Z + be]. (80)

Where
W=W1+W
WI _- rl,V/4

WI>> W (81)
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Eq. (80) is of the same form as (58). Again, the self-con-
sistent solution of (80) is obtained under the conditions

be = 0
0 < qe << 1.

(86)
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The Charging and Discharging of Nonlinear Capacitors *
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Summary-The charging and discharging of two types of non-
linear capacitances through a linear resistance are discussed in detail.
The response of a capacitor whose capacitance is an increasing ex-

ponential function of the potential across it is compared to that of
the "space-charge" capacitor whose voltage dependence is of the
form C.= (Co sinh a VI/(a V0)), where V, is the potential across the
capacitor. The variation of the differential capacitance of the space-
charge capacitor with time, during charging and discharging, is
considered for various applied potentials and is compared with the
somewhat similar behavior to be expected from a linear capacitor
exhibiting a distribution of relaxation times.

INTRODUCTION
r IHE RAPIDLY growing importance of semicon-

ductor circuit elements with their inherent volt-
age nonlinearities makes it worthwhile to investi-

gate some of the results of such nonlinearity. Nonlinear-
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ity may or may not be of importance in semiconductors
depending upon whether diffusion and/or recombination
effects domi-nate the convection current. Although the
full accurate equations describing charge-carrier concen-
tration in semiconductors are nonlinear and so have not
been solved accurately for all cases of physical interest,
there arise many situations where the nonlinearity may
be neglected and only the normal linear "metallic" con-
duction current need be considered.

In the present work, we shall be concerned with the
charging of voltage-dependent capacitances through a
linear resistance. One of the authors has shown' that if
an applied direct potential V0 causes free charge carriers
to build up a space charge at a blocking or rectifying
electrode, the resulting static capacitance, C, defined as
q,,/ V0,, is of the form sinh aVol/Vo, and the differential

I J. R. Macdonald, "Static space-charge effects in the diffuse
double layer," Jour. Chem. Phys., vol. 22, pp. 1317-1322; August,
1954.
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PROCEEDINGS OF THE I-R-E

or small signal capacitance, Cd, given by dIqm/d Vo, is
proportional to cosh a Vo. Here qm is the surface charge
on the electrode near which the internal space charge
forms. The constant a is e/4kT when both electrodes are
blocking, e/2kT when space-charge forms at only one
electrode, as for example, when one electrode applied to
a semiconducting slab is blocking for positive and nega-
tive charge carriers and the other is ohmic. The quan-
tity e is the electronic charge, k Boltzmann's constant,
and T the absolute temperature. These results are cor-
rect only after VO has been applied sufficiently long for
space-charge equilibrium to be attained.

Blocking electrodes may occur naturally or be arti-
ficially produced at the surface of any material which
contains free charge carriers. A rectifying electrode
biassed in the reverse direction may also be considered
to be blocking for this polarity. Thus, space-charge non-
linearity may be expected to appear under certain con-
ditions in semiconductors,2'3 photoconductors,4 and solid
or liquid electrolytes.3'5 Such nonlinearity may some-
times be masked, however, by additional linear capaci-
tance in series with one or more electrodes,4 or, as in the
case of reverse-biassed p-n junctions, additional factors
must be taken into account which usually keep the volt-
age dependence of the junction capacitance from being
of the above form or at least restrict such dependence to
very small applied voltages.2'4 It is, of course, obvious
that the above very rapid increase of capacitance with
applied voltage cannot continue indefinitely as the volt-
age is increased. Eventually, the internal electric field
strength arising from the space-charge distribution near
the blocking electrode will become sufficiently high to
cause dielectric breakdown of the underlying material or
high-field emission at the electrode. Such processes will
usually occur at relatively low voltages of the order of a
volt or less.' In spite of this restriction, nonlinear ca-
pacitances of the type discussed in the present work
might be well suited for certain switching applications
and for use in dielectric amplifiers.
The problem of the time-variation of the charging or

discharge current of a material containing free charge,
with one or two blocking electrodes, has not been solved
exactly because of the nonlinearity of the governing
equations. Jaffe and LeMay6 have treated the problem
by linearizing the equations and then attempting to cor-
rect the linear solution for the nonlinearity of the equa-
tions. This is a very approximate procedure, however,
and the final results do not exhibit the strong voltage-

2 W. Shockley, "The theory of p-n junctions in semiconductors
and p-n junction transistors," Bell Sys. Tech. Jour., vol. 28, pp. 435-
489; July, 1949.

s J. R. Macdonald, 'Theory of a-c space-charge polarization ef-
fects in photoconductors, semiconductors, and electrolytes," Phys.
Rev., vol. 92, pp. 4-17; October, 1953.

4J. R. Macdonald, "Capacitance and conductance effects in
photoconducting alkali halide crystals," Jour. Chem. Phys., to be
published.' J. R. Macdonald, "Theory of the differential capacitance of the
double layer in unadsorbed electrolytes," Jour. Chem. Phys., vol. 22;
November, 1954.

6 G. Jaff6 and C. Z. LeMay, "On polarization in liquid dielectrics,"
Jour. Chem. Phys., vol. 21, pp. 920-928; May, 1953.

dependent nonlinearity to be expected from the non-
linearity inherent in the equations. When a constant
potential is applied to a material with blocking or recti-
fying electrodes, the space-charge capacitance builds up
by the motion of charges, leading to the separation of
positive and negative charge and the establishment of
an excess or deficit of charges of one or the other sign at
one or both electrodes. Because such charging is gov-
erned by nonlinear equations, a normal "constant" time
constant applying during the charging cannot be de-
fined since any time constant will depend on the poten-
tial across the material. Although we cannot treat this
charging problem exactly, we can treat the related prob-
lem of charging of such a material through an external
linear resistance much larger than the ordinary internal
resistance of the material without blocking, which is
Ri= L[eA (nn+P,Mp) ]-I. Here n and p are the concen-
trations of negative and positive charge carriers and s,n
and u,, are their respective mobilities. The quantities A
and L are the area and separation of the two electrodes,
assumed plane and parallel.
When the current which establishes the space-charge

distribution must flow through a sufficiently large ex-
ternal resistance, the final equilibrium space-charge dis-
tribution corresponding to the actual time-dependent
potential difference between the electrodes can be al-
most established before this potential difference can
change appreciably. Under such quasi-static conditions,
the time-dependent capacitance will be very nearly
given by the static capacitance corresponding to the po-
tential difference actually present at the given time.
This potential difference will, of course, be less than that
applied to the combination of linear resistance and the
charge-containing material until charging is finally com-
plete.

While the above method of treatment of the com-
posite system will be more and more accurate the larger
the external resistance, it is not possible to set limits of
accuracy in the absence of an exact treatment of the
charging of the material itself with no external resist-
ance, R. The results of the present analysis indicate,
however, that the use of the static capacitance in place
of an unknown quasi-static capacitance is probably a
fairly good approximation even if Re is as small as Ri.

It turns out that the above treatment yields results
quite similar to those obtained for the charging through
a linear resistance of a nonlinear condenser whose ca-
pacity is an increasing exponential function of the po-
tential across it. We shall, therefore, analyze this case
first, then compare with it the behavior of the nonlinear
"space charge" capacitor. It is worth mentioning that
the above "exponential" capacitor could be realized, at
least over a limited range of applied potential by means
of a feedback amplifier of very high gain. If the output is
connected to the input through a capacitance C, then
the input capacitance of the unit can be approximately
(1 +G) C, where G is the loop gain. This gain is arranged
to be linearly proportional to some control voltage. Now
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